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This paper serves as an introduction to the variational formulation of Cosserat beams. It provides a de-
tailed derivation and treatment of reduced balance laws of Cosserat beams from the Lagrangian differ-
ential equation of motion and Hamilton’s principle. Emphasis is given to the details of the derivation,
maintaining Bernoulli’s assumption of the rigid cross-section. Both the strong form and the weak form
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ple. Once the equations are obtained considering an initially straight reference beam configuration, the
balance equation for the beam with initial curved (but unstrained) reference configuration is obtained.
The D’Alembert forces are interpreted from the non-inertial director frame of reference and conclusions
drawn. The energy conservation law and the conditions associated with it are obtained, establishing the
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relation between the Lagrangian and Hamiltonian functional for Cosserat beams.
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1. Introduction

The mechanics of Cosserat continuum has been a topic of in-
terest since its discovery by Cosserat and Cosserat (1909). Cosserat
beam theory is a single manifold problem. The position vector of
the midcurve and the directors are the physical parameters that
are used to define the state of the beam. This description of the
rod falls under the idea of Duhem (1893), where any point in the
body is not only described by the position vector, but also by an
attached set of vector triad called directors. Cosserat and Cosserat
(1909) harnessed this idea to develop the finite strain theory of
rods and shells assuming a fixed rectangular Cartesian system. The
work by Ericksen and Truesdell (1958) was a mathematical gener-
alization of the work of Cosserat brothers to develop a nonlinear
theory of rods and shells. They first considered general differential
geometry tools that deal with the transformation from one space
to other and then used them to obtain a general description of the
undeformed and deformed configuration of the rods. They limited
the space to a three-dimensional Euclidean space, thereby devel-
oping a complete differential description of the finite strain of the
rod. Their work (Ericksen and Truesdell, 1958) also serves as a con-
cise introduction to the history of theory of beams and rods. The
work on the finite displacement theory of the rods attributed to
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Kirchhoff was improvised by Hay (1942), which is in fact a special
case of the formulation in Ericksen and Truesdell (1958) obtained
by choosing special coordinates. Cohen (1966) developed a com-
prehensive nonlinear theory of elastic curves for the static case.
This work was extended to the dynamic case by Whitman and De-
silva (1969). Reissner (1972, 1973, 1981) developed the static finite
strain beam theory for the plane case by incorporating the shear
deformation using a classical approach. He arrived at non-linear
strain displacement relations consistent with equilibrium equations
for the static case. Simo (1985) extended the work of Reissner for
three-dimensional dynamic case using a director type of approach.
Further work by Simo and Vu-Quoc (1991) incorporated the effect
of Warping for initially straight beam, maintaining the single man-
ifold nature of the problem. Simo (1985) discussed the balance law
considering the uniform straight initial beam configuration, and
[ura and Atluri (1989) obtained the governing equations for the
initially curved beam configuration using the principle of virtual
work. The work by Green and Naghdi is among the first exposi-
tion to the theory of elastic rods, developing the mechanics using
a classical three-dimensional equations (Green etal., 1974a) and
also using Cosserat curves (Green etal., 1974b). Naghdi and Rubin
(1982) presented various constraint theories of rods where various
classes of deformations were restraints. A relatively recent publica-
tion by Brand and Rubin (2007a) dealt with one of such constraint
theories of a Cosserat point for numerical solutions of non-linear
elastic rods. Significant research on the finite element formula-
tion of the Cosserat beam element is done by Cao etal. (2006),
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Liu etal. (2007), Brand and Rubin (2007b) and Rubin (1985a,
1985b, 2000, 2002). The ability of Cosserat beam theory to cap-
ture all kinds of deformations including torsion and shear has been
exploited by Todd etal. (2013) and Chadha and Todd (2017) to de-
velop a theory of global shape reconstruction using finite surface
strain measurements.

Interested readers are also recommended to refer to the de-
tailed work and references therein by Love (1944), Antman (1972,
1995), Svetlitsky (2000, 2004), Maugin (2017) and Vetyukov (2013).
The Cosserat rod is a special case of problems that fall in the do-
main of micropolar continua, which in turn is a special restraint
case of micromorphic continua. An excellent compilation of ex-
planation on micropolar continua (by Altenbach and Eremeyev),
micromorphic continua (by Samuel Forest), Electromagnetism and
generalized Continua (by Maugin) is found in Altenbach and Ere-
meyev (2013).

It is evident that the problem of Cosserat rods has been well
treated in the past. While the aforementioned references are sem-
inal contributions to this field of mechanics, they do not tend
to elaborate the details of the inherent physical relationships or
the connections particularly appreciative to the engineers. We fo-
cus on illustrating various ideas by means of rigorous mathemat-
ical derivations and illustrative schematic diagrams wherever pos-
sible, attempting to deliver the matter in a simplified yet com-
plete manner. The detail with which the derivations are performed
and the results explained in the defined domain of the discus-
sion sets this work apart from the references mentioned above.
We believe that the primary novelty of our work is that the math-
ematical details and interpretations it encompasses would help
the reader get acquainted with a method of rational reasoning
of the description of finite strains and the governing differen-
tial equation of three dimensional, geometrically exact Cosserat
beams.

Unlike the general work of Ericksen and Truesdell (1958), we
limit our discussion to the classical Cosserat beam formulation
with orthonormal director triad and fixed Cartesian reference sys-
tem. We outline the tensor algebra and variational principles re-
quired to derive the strong and weak form. We discuss about
a method to uniquely define the shear angles and obtain the
curvature terms as a function of pitch and yaw angles. A care-
ful interpretation of the finite strain vector obtained as a result
of superimposition of strain due to curvature, elongation, shear,
and torsion is presented. We also present a detailed discussion
on the variation of the director triad and parametrization of the
orthogonal rotation tensor using Rodrigues method with an ex-
planatory example. The pioneering work of Ibrahimbegovic et al.
(1995) on vector like parametrization of three-dimensional finite
rotations details the kind of parametrization described in this pa-
per. Another approach on parametrization of rotation tensor is the
quaternion method, which is explained in the work of Argyris
(1982). We carefully develop the deformation gradient tensor of
the beam assuming the undeformed state of the rod to be nat-
urally curved. We culminate the section on the deformation gra-
dient tensor by presenting a clear exposition of the finite strain
vector of the rod referenced to the curved reference configuration
(Section 3.1.3).

Since the balance laws in both weak and strong forms are at the
heart of finite element analysis, we firmly believe that it is ben-
eficial to obtain these equations in more elucidated and detailed
fashion, using both an infinitesimal equilibrium equation and the
Hamilton-Lagrange principle. The results obtained here will be di-
rectly used to generalize the theory of shape reconstruction devel-
oped by the authors and to investigate the conservation laws of
Cosserat beams. In this paper, we do not specifically assume that
the midcurve passes either through the geometric centroid or the
mass centroid of the beam but rather leave its location general.

We obtain the equations for the initially straight configuration and
finally achieve the same for an initially curved (but strain-free) ref-
erence configuration. To clearly demonstrate the importance of the
terms involved in the equation of motion, we interpret the motion
as viewed from the director frame of reference. We also obtain the
energy conservation law from Hamilton’s principle, thereby estab-
lishing a transformational link between the total energy and La-
grangian functional for Cosserat beams. This sets a foundation for
our further work on conservation laws of Cosserat rods as a prob-
lem of symmetries in the Noether Theorem sense.

The remainder of the paper is arranged as follows: Section?2 de-
tails the geometric formulation, defines the deformation param-
eters (Section2.1), and finally outlines the required mathemati-
cal tools (Section2.2). Section3 derives the deformation gradient
tensor (Section3.1) and the variation of deformation parameters
(Section 3.3), defines the stresses, and presents the reduced force
and moment in the classical sense (Section 3.4). Section4 presents
the derivation of the Strong form of the reduced balance law.
Section5 deals with the derivation and interpretation of the
weak form of equation from the infinitesimal Lagrangian equa-
tion (Section5.1) and validating the weak form by obtaining it
from the strong form (Section5.2). Section6 comprehends the
derivation of strong form from the Hamilton’s equation of motion.
Section7 presents a linear constitutive law relating the reduced
forces with the reduced strain parameters. Section 8 deals with the
energy conservation for the Cosserat beam. Finally, Section 9 draws
some conclusions and describes the scope of future research in the
field.

2. Kinematic model and mathematical tools
2.1. Geometry and deformation parameters

The beam configuration is defined by a midcurve and the
family of cross-sections. The beam can possess different cross-
sections varying smoothly. The cross-sections are assumed to be
rigid, and as such, the Poisson and warping effects are ignored (re-
fer AppendixA.5 for more details on this assumption). The initial
shape of the structure may be curved or straight and is assumed
to be unstrained. We begin by assuming that the initially curved
reference beam Q¢ deforms to some current configuration 2. Con-
sider a fixed orthogonal Cartesian triad {E;}. Any configuration of
the structure is described by the locus of the geometric centroids
of the family of cross-sections called the mid-curve, defined by the
position vector ¢(£) parametrized by the undeformed arc-length
&1 €]0, Ly], where Ly is the total length of the mid-curve in the
undeformed configuration, or

0 (1) = ¢iE;. (1)

The parameter B(&,) represents the cross-section of the beam
at an arc length £; and is independent of deformation because
cross-sections are assumed rigid. The orientation of any cross-
section in the deformed configuration is quantified by the set of
orthogonal Cosserat triad called directors {d;(£)} such that

d; = d;E;. )

Any point on the beam is defined by the material coordinates
(&1, &5, &€3) that are independent of the configuration of the beam.
The position vector ¢(£1) is sufficient to define the mid-curve but
not the orientation of the cross-section that is affected by shear
and torsion. The directors take care of this. The director d;(&)
is perpendicular to the cross-section and the directors d,(£4) and
d3(£1) span the cross-section M(£;). Any point P on the cross-
section is defined with respect to the point G on the midcurve at
B(&,) by the position vector rpg = &>d5 (&) + &3d3(&1), as shown
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Fig. 1. Deformed and undeformed configurations of Cosserat rod, material adapted frames and deformation gradient tensors.

in Fig. 1. Therefore, any point P in the structure is given by the po-
sition vector

R(§1,62,83) = 9(51) + &2d2(61) + §3d3(81) = 9(§1) + 1pc (2, §3).

3)
The initially curved reference beam configuration is defined by
dc(&) = dfj(“;‘l)Ej, ©°(&1) = ¢f(§1)E; and any point on the cross-
section is given by the vector R°(&q,&;, &3) = @°(&1) + &d5(&1) +
&3d5(&y). It is convenient to mathematically define a straight beam
configuration 5 such that the directors are defined by {E;}, the
position vector of the midcurve is given by ¢°(&;) =&E; and
any point in the beam is defined by RS(§1,§5,&3) =@5(&1) +
&E;(&1) 4+ &3E3(§1). The triads {E;}, {df} and {d;} are related to
each other by means of orthogonal directional cosine tensors as
shown in Fig. 1, such that

d;=QE; di =Q°E; d; =Q'd;. (4)

Therefore, any general vector g(£;) can be expressed in the fixed
frame {E;} or the local frame {d;} such that g = g;E; = g;d;. It can
be established from Eq. (4) that

Q=QQ" (5)
Q=d;oE; Q' =d;®d;; Q° =d; QE;. (6)

In general, a Cosserat beam can capture the effect of elonga-
tion, shear, and multiple curvatures. Defining the deformed arc

length as s, axial strain as e(£1) the three shear angles as y11(£1),
Z —y12(61) and T — y43(&1) subtended by the directors d;, d, and

d; with the tangent vector %—‘f as in Chadha and Todd (2017), the
following relations may be established:

g, 1

a T Tve (7)
0 0 . 0 .

%.d] = COS Y11; ai(fdz = SIN Y12; %d3 = sin Y13. (8)
Therefore,

Q¢ = (1+e){cosy;d; +sinyppd; + sin ygzds) (9)

The above equation is not enough to uniquely define the shear an-
gles. Section 3.2 addresses a way to uniquely define them.

2.2. Mathematical tools

2.2.1. Derivative of the moving frame
The derivative of the director d; with respect to a general pa-
rameter x is obtained using Eq. (4) as

di,=QE = QxQTdi =qx x d;. (10)

It may be proven that Q,Q is antisymmetric from the fact that
Q is orthogonal. Therefore, there exists a corresponding axial vec-
tor gy such that Eq. (10) holds. For a deforming beam, the director
frame {d;(t, £;)} is function of time t and arc-length &;. The axial
vector corresponding to the time derivative d;; and the derivative
with respect to arc length d; ¢, is given by the angular velocity vec-
tor ® = w;E; = w;d; and the Darboux vector k = «;E; = k;d; respec-
tively, as shown in Egs. (11) and (12). The component of the Dar-
boux vector gives the curvature about the corresponding director.
The first component x'; represents torsional deformation, whereas
Kk, and k3 represent bending curvature about d, and ds, respec-
tively.

d,=Q.Q'di=Wd; = w xd,, (11)

dig, =Q¢ Q'd; = Kd; = k x d;. (12)

Consider the orthogonal rotation tensor, for example Q(&). It
represents the family of orthogonal tensors that belong to the
SO(3) rotational group. Therefore, they satisfy Q(£;)QT(&;) =k
and det [Q] = 1. The rotation tensor Q(£;), being a curve in the
manifold SO(3), Q¢, represents the tangent vector to this curve in
50(3). Therefore, Qg, QT = K(&;) is the linear space of skew sym-
metric matrices that has (&) as the corresponding axial vector.

2.2.2. Parametrization of the rotation tensor

Argyris (1982) describes various methods to describe large vec-
tor rotations. We choose Rodrigues formula to describe the rotation
of director frame.

Consider a general vector g that is rotated to gP by an orthog-
onal tensor 2R such that, g¥ = 93g?. The orthogonal tensor has 3
independent entries because of the restriction SRT9% = I;. There-
fore, |} can be parametrized by three parameters. The rotation
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Fig. 2. Geometric interpretation of solution to Eq. (15) for a 2D plane beam with curvature about director ds.

described by 9 can be thought of as the rotation of the vector
g® about the unit vector ny by an angle 6. Therefore the vector
0 = Ony completely describes the rotation. If ® represent anti-
symmetric tensor for the axial vector @, then by Rodrigues for-
mula

g’ = (g +ny x ny x g%+ [ny x g°] sinf

— [ng x ny x g% cost = R(0)g", (13)
where
REO) =k + 5129 o+ _52059)92=e®. (14)

From Eq. (4), the orthogonal tensor Q(£;) can be parametrized by
the rotation vector 6(&,) such that the vector triad {E;} is rotated
to the director triad {d;} by an angle 6 about the unit vector ny.

Solution of the director triad {d;} for a beam with a fixed left
end serves as a good example to appreciate above discussion. Eq.
(12) represents set of three differential equations that can be writ-
ten in the matrix form as

dl & 0 K3 —K d]
dzy g | = —K3 0 K1 dz .
d3_ & Ky —K1 0 d3

KT

(15)

Assume that the left end of the beam is fixed, implying d;(0) =
E; and 0(0) = 0. These also serve as the three vector boundary con-
ditions to solve Eq. (15). The Darboux vector, k = k;d;, may be in-
terpreted as the rotation of the director frame per unit arc length
at £; by an angle |k|| = E% +E§ +E§. Since the left end of the
beam is fixed, the director frame {d;(£1)} can be obtained by ro-
tating the vectors E; by an angle 6 (&) = §1 llc(&1)]|d&, about the
unit vector ng (&) = %

Fig.2 geometrically explains the concept described above using
a simplified 2D beam fixed at left end. The director d3(&;) = E3 re-
mains same throughout the midcurve for the problem being planar
in nature. Since the torsion is assumed to be zero, k(&) = k3ds.
This scenario simplifies the unit vector about which rotation oc-
curs at any arc-length as ny (&) = d;(§;) = E3 and the angle of

rotation of directors d;(£;) and d,(&;) with respect to the direc-
tors (in a straight configuration) E; and E, respectively as, 8 (&) =
gl K3(&1)d&;. Note that this is a special case where the vector
ny (&;) = E3 is constant for all £;. Therefore, a general rotation ten-
sor Q, such that d;(§;) = Q(&;)E;, for a beam fixed at left end, is
then expressed in terms of the curvatures as

1
[ o
Q&) =e !
where, K(&1) is the anti-symmetric tensor corresponding to Dar-
boux vector k(£1). From the above discussion, the result of Eqs.
(13) and (14) is not surprising because the solution of the first or-
der differential equation is an exponential.

(16)

2.2.3. The material form and co-rotated derivatives of the vector
Consider a general vector g = g;d;. The material form of the vec-
tor g is defined using Eq. (4) as,
g=5d;=5(QE)=Q8 g=Q'g=gE:.
We obtain the material vector g by expressing the components of
the vector g in the director frame {d;}, in the fixed frame {E;}. The
total derivative of the vector g, using Eq. (4), comprises of two
components- first being change in the magnitude and second rep-

resenting the change due to the rotation of the frame of reference
(i.e., rotation of the director frame)

(17)

8x=8ixdi +gdix =g ,d + Q.Q" (Gd)=8x+qx x & (18)

The co-rotational derivative g = g;,d; gives the contribution due
to the change in the magnitude of the vector g due to change dx
in the parameter x. It may also be interpreted as the derivative of
the vector g as observed in the director frame. Physically the co-
rotated derivatives can be obtained by taking the total derivative
of the vector g (by the observer in the fixed frame {E;}) followed
by subtracting the rotational component gy x g. From Eqs. (17) and
(18)

gx=0Qg, (19)
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2.2.4. The material form and co-rotated derivatives of a tensor

Consider any two deformed state of the beam ©¢ and Q. Con-
sider two vectors g%(£;) and gb(£;) (in states Q¢ and QP, re-
spectively) spanned by the director triads {df} and {df’} respec-
tively, such that df(£;) = Q%(&)E; and dP(£;) = QP(&)E;. There-
fore, g* = g'd® and g® — g’dP. Now assume that these vectors are
related by the tensor G such that g = Gg?. The material form of
tensor G is defined such that g° = Gg”. The relation between G and
G can be arrived using Eq. (17) as,

g -Cg' - Qg ~GQ"'g" > ¢ = QG e~
Hence,

G = Q"GQ"T,

_ ¢ T ¢ (20)
G =Q" GQ°.

Therefore, the derivative of the tensor G can be obtained from Eq.
(20) as

Contribution due to change Change in the

in the orientation of frame ~ magnitude of components

G:=[QCQ"] =0} Q" +Q"CQ"; +  Q'C.Q"
Gg, = (Q2,Q"")G - 6(QY Q") + Gy, = K*G — GK* 1 G,

(21)
Hence,

(N;_& = G,El - KbG -+ GK*° = Qbé,gl QaT (22)
3. Kinematic and Kkinetic relations

We approach along the lines of Simo (1985) and Li (2000), in
an exhaustive way, to define the kinematics of the beam such that
the results can be used readily to obtain both the weak and strong
forms in detail.

3.1. Deformation gradient tensor and strain vector

The initially curved configuration Q€ is assumed to be un-
strained. This is because the stresses in the current configuration
are defined with reference to Q€. The straight beam configuration
Q% is defined for mathematical convenience. If the beam in consid-
eration is initially straight, then Q¢= Q5. The deformation gradient
tensor of current state (F) and the curved reference state (F°) is
obtained referenced to 25. The deformation gradient tensors F and
F¢ are then used to define the deformation gradient tensor F' of
the current configuration referred to €.

3.1.1. Deformation gradient tensor and strain vector referenced to
initially straight configuration
Consider an infinitesimal vector dR® = d&;E; in 2%, that deforms
to dR in configuration 2. The deformation gradient tensor F maps
the vector dR® from the straight configuration Q25 to dR in the cur-
rent configuration 2 such that
dR dR
dR=FdR°* = —— =FE;, F=——
=g - T3
Using Eq. (3), Rg, =@ +.§2d2_§i +§3d34§l_. Substituting for R, in
Eq. (23) yields

strain vector €

:R,Si ® E;. (23)

axial strain & Q
——— ———
F = ( ((p,a_ —dy) +§2d2.5i + E3d3§.) ®RFE +d;oE =€®E; +Q.

(24)

The material form of deformation gradient tensor can be arrived
using Eqgs. (20) and (24) as

F=€¢QE, +1; =Q'FL. (25)

It is worth noting that the deformation gradient tensor F that
describes the motion bears two parts. The motion consists of pure
rotation Q and a component associated with strain €®E;. It's clear
that the first component of the vector dR® strains whereas the
other two components just experience rigid body rotation. This is
because, the cross-section is assumed rigid. The vector € represents
the strain vector referenced to the configuration Q25 that includes
the axial strain € = ¢ ¢ —d;, and strain due to shear and curva-
tures. The strain vector can also be evaluated by finding the deriva-
tive of the position vector of any point subtracted by the direc-
tor d; as in Chadha and Todd (2017). We subtract the director d,
to eliminate the contribution of pure rotation on the deformation.
Therefore, using Eq. (12)

_ oR
€e=¢d; = 8751 —di =€+ szdz_& + §3d3151 (26)

= e+ k x (52dy + &3d3).

Substituting for the Darboux vector ¥ = k;d; and using Eq. (9) in Eq.
(26), the complete expression for the strain is obtained as

€ ={((1+e)cosyn — 1) — &3 + &skr }dy
H (A +e)sinyp —k283)dy + {(1 + e)sinyi3 + k18, }d3. (27)

The material form of strain vector comes in handy to evaluate in-
ternal strain energy of the reduced beam. It is obtained using Eqs.
(17) and (26) as

€=¢E=Q[(¢s —di) +K(&Ed; + &3d3)]
= (Q'¢¢, —E1) +Q'KQ(&:E; + &Es)
\q/—/ \L_/
H K
=€+ K(5E; + &E;) =€+ K x (§,E; + &E3). (28)

It is clear from the discussion above that only the first compo-
nent (along E;) of an infinitesimal vector dR® is strained, with the
cross-section being rigid. Therefore, it is insightful to observe the
deformation of the vector E;. The flowchart (Fig.3) demonstrates
the straining of the unit vector E; (not necessarily along the mid-
curve) with each deformation effect taken care separately followed
by superimposition.

3.1.2. Deformation gradient tensor and strain vector of curved
reference configuration referenced to initially straight configuration

Consider that the configuration €2¢ is obtained by straining the
initially straight configuration Q5 such that the total length of the
midcurve remains the same and the cross-sections are perpendic-
ular to the tangent vector at the midcurve. This deformation is
mapped by the deformation gradient tensor F° such that

dR*

C—i
F_dRS

= (&2, + &35, ) O By + i@ E; = € @ Ey + Q°.

(29)
Like Eq. (25), the material form of F¢ is
F =¢QE +k=QFIL (30)

The strain vector € comprises of strain due to curvatures only be-
cause there is no shear y;; =0 and elongation e(&;) =0 in the
curved reference configuration 2. This ensures the director df to
be the tangent vector of the midcurve such that ¢ ¢ = df. There-
fore, the axial strain vector &¢ = Qe — d{ = 0. From Egs. (29) and
(30), it is observed that

fori=1 }

FE; — € +d =€d+d,
t d,‘, fOFi=2,3
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Pure extenswn

{(1+e) cosyyy — K38, + Kp83}dy
+H(1 + e)sinyy; — K 83}d;
+{(1 + e) siny;3 + K 5;}d3

E;
-8 f.,.T._qrs!_qn.._
[ A=— | Y
a1 =
E3 \ / \ . !
|

{(1 + e) cosyyy — ie3é, + iey85}dy
+{(1 + e)siny;,}d,
+{(1 + e) siny;3}d3

Pure extension followed by shear

+{(1 + e)siny,,}d,

{(1 +e)cosyis}dyg
+{(1 + e) siny;3}d3

Bending about E;

+{(1 + &) siny;,}d,
+{(1 + e) siny;3}d3

{(1+e) cosyy; — RsEa}dy

Fig. 3. Flowchart showing deformation of the unit vector E; in the configuration Q5.

€ +E =€E+E, fori=1
FCEi _ 1 iti 1 . - (31)
E;, fori=2,3
From the above equation, the determinant of F is obtained as
[F=1Q || F Il |=F*| =1+, (32)

Using Eq. (31), the first component of the vector dRS in the straight
configuration d&{E; gets strained to Fc(délEl) =( +?1)d“§]d§.
This means that a fiber of unit length parallel to E; in the con-
figuration Q5 has length of |ﬁ| in the configuration ¢ along the
director df. In terms of classical continuum mechanics, |ﬁ| is as-
sociated with volumetric strain

QC 105
F¢| = =—, 33
IF| = e = 5 (33)
where pS and p° represents the density field in the configuration
Q5 and Q°, respectively.

3.1.3. Deformation gradient tensor and strain vector of current
configuration referenced to curved reference configuration

The deformation gradient tensor F' is defined such that dR =
F"dR¢. Therefore, from Eqs. (23) and (29), F" = FF<' and from Eq.

1w T —=c! .
(30), F '=F Q€ .Thetensor F can be found by using the the-

orem for inverse of sum of matrices (refer Miller, 1981) as

1 e _1_ . 137] (EC ®E])I37] o (EC ®E1)
F = [€obh] =k 1 + trace[€°®F, | =h 1+€;
1

can be found as
F<' = |:— |1:1,C| (€C ®E1) +13]QCT
- [pql@e) e @) o

c’ 1 c
o [13_ (e ®d§)}. (35)

This brings us to the point of evaluating the deformation gradient
tensor F" as follows

= [e® E; +QQ° [13

Therefore, the tensor FC'

i (GCM)}

r r ch
=Q - |FC|((QG)®dC) { |FC|}(e®dc) (36)

Noting that €“.d{ = €§ = |[F¢| — 1, Eq. (36) can be simplified as
el’

1 ——
F |FC|((€_QT C)®dc)+Qr

|FC| (€ed)+rq. G7

There are three important points to infer from Eq. (37):

1. The strain € represents the relative strain in the current con-
figuration 2 with respect to the strained curved reference con-
figuration Q€ (strained with respect to mathematically straight
configuration 2%).

2. The strain € is obtained as (€ —Q'€‘) and not as (€ — €°)
because the strain € is represented in the Q¢ configuration,
whereas the strain € is represented in 2 configuration. The ro-
tation tensor Q" transforms the strain €€ in the current config-
uration space.

3. The curved configuration is strained referenced to the mathe-
matically straight configuration. To obtain the strain vector in
the current state 2 with respect to the unstrained curved con-
figuration, the strain €” must be normalized by |F|.

3.2. Closed-form expression for the orthogonal rotational tensor and
defining a unique set of shear angles

The position vector of the midcurve may be defined in terms
of the pitch angle ¢,(£1) and the yaw angle ¢,(&;). We define the
tangent vector using Eq. (7) as

_B(p 1 do
TE) = 55 =11 eg

= cos ¢p(&1) cos ¢y (§1)E,
+sing,(§1)E; + cos @, (&1) sin ¢y (1)Es. (38)

Therefore, using the above equation, the position vector can be ob-
tained as

&
o&) = (/0 cos ¢ cos ¢y (1 + e)d§1)51
&
+ (/ sing, (1 + e)d%‘])Ez (39)
0
&
+ </o cos ¢psingy (1 + e)d§1>E3.

To define the three shear angles uniquely in Eq. (8), we define
another local orthonormal vector triad {T(£), V(&1), H(&1)} that
originate at the midcurve as shown in Fig.4 (same origin as the
director triad {d;(£1)}). The vector T(£1) and V(&) spans the pitch
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d>(§1)

{El, E3 }Plane

————

o(&1)

Spanned by {d,, d3}*

s
H(E)

Original cross-section .~

@ TG1) pitch angle plane

L di(&)
“Pitch angle ¢, *

T

A vector in both
{T,V}and {E,, E3}
plane

{E1, E3}Plane

Fig. 4. Pitch angle plane and the body centered vector triad {T(&4), V(&1), H(&1)}.

angle plane. Therefore, H(&1) = T (&) x V(&;). Hence,

T cos¢gpcosg, sing, cos¢psing, |[E;
V |=|-singpcos¢, cos¢, —sing,sing, ||E, (40)
H —singy Cos @y E;

We define three angles «1(£1), @2(£1) and «3(&¢) subtended
by the directors {d, d;, d3} with the vector V(&;). This definition
serves for two purposes: firstly, it helps us to define a relationship
between the triad {T, V, H} and {d;(£,)}, secondly, it uniquely de-
fines the shear angles. Hence,

rotation of the director frame. It is necessary to arrive at the vari-
ation of the rotation tensor to proceed further.

To obtain the variation in rotation tensor, assume that the ten-
sor Q = 2(0) rotates the vector E; to d; by an angle 6. As a result
of the virtual displacement field §u, the vector d; transforms to d;*.
The variational rotation is parametrized by the vector da = (dax)ny,
such that d; = :(da)d;. The vector d;* can be obtained by direct
rotation of E; parametrized by the rotation vector @ + 30 as shown
in Fig. 5. Therefore, for the variational rotation of ede (¢ is a small
number), the following relations hold

T €OS Y11 sin y13 sin yq3 d,
V|= Cos g COS 0 Ccos a3 d, (41)
H COsa3Siny ) —COS,Sin Y3 COSO3COS Y1 — COSq SiNYy3  COSp Sin Yy — COS oy Sinyyp || ds
Consider an orthogonal rotation matrix A that relates the direc-
tor triad {d;} to the fixed orthogonal Cartesian triad {E;}, such that ,
{dy,d,,d3} = A.{E ., E;, E5}. The matrix A is related to the compo- di = R(0 + e80)E; = Q(6 + £50)E,; (43)

nents of the orthogonal rotation tensor Q such that AT = [Qly,zE;-
These components can be obtained using Eqs. (40) and (41). The
components of the rotation matrix are shown in AppendixA.l.
Note that the matrix A is orthogonal if the following constraints
on {oq, &y, @3, Y11, Y12, Y13} in the above equation hold:

The components of the Darboux vector k =k;d; as in Eq.
(15) using Egs. (40) and (41) can be obtained and are shown in
Appendix A.2. This is a useful result in shape reconstruction as pre-
sented in Chadha and Todd (2017) and will be used in further
extension and generalization of the work in Todd et al. (2013),
Chadha and Todd (2017), and experimental validation of the the-
ory of shape reconstruction. Appendix A.3 presents an example of
a deformed shape of a Cosserat rod using the description given in
this section.

3.3. Variation of kinematic parameters and rotation tensor

3.3.1. Variation of the rotation tensor and directors

We need to impart an admissible variational displacement field
du to obtain the weak form of reduced equilibrium equation (Prin-
ciple of Virtual Work). The variational displacement field u = § (R —
R®) = §R comprises of variational translation of the midcurve and

d: = R(da)R(O)E; = e Q(9)E,;.

Note that 82 represents the skew-symmetric tensor corre-
sponding to axial vector dee. Variation of the rotation tensor Q can
then be obtained by the usual process as,

e A
5Q(0) = [W] = [9373(0)] | =02000). (44

The admissible variation in the directors can be obtained from
above as

8d; = §|QE;] = 5Q.E; = §A.Q .E; = 2ud,, (45)

Fig. 5. Variation of the director d;.
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implying
A =480Q.Q".

The variation of the displacement field can now be obtained using
Egs. (3) and (45) as,

du=38¢ + da x rpc. (46)

3.3.2. Variation and co-rotated variation of any general vector and
tensor

The variation of any general vector g = g;d; consists of two
parts, the first being the variation in the magnitude of components
and second being the contribution due to the variation in the di-
rector frame as shown below

Sg
— _ « « (47)
0g =0gd; +g6d; =08+ 5Ag=0g+d0oxg

The relationship between variation of material vector 6g and the
co-rotated variation g can be obtained from Egs. (4), (17) and
(47) as

8g = 8gd; = QOEE) = Q3E. (48)
Using the description of the tensor G in Section (2.2.4), the co-
rotated variation of the tensor can be written as

5G = QP5GQ'. (49)

3.3.3. Variation of the strain vector and deformation gradient tensor

The variation in the strain vector € can be readily obtained if
the variation in axial strain vector € and curvature tensor K are
known. From Eqs. (24), (28) and (45),

& = 8(0951 — (Sd] = 8(09& — 89[(11 (50)

Similarly, recalling the relation 82 = 8§Q.QT the variation of the

curvature tensor is obtained as

8K =3[Qs Q"= (8Q) £,Q" + Qs 8Q" = 8¢, + SAK — K.52.
(51)

Recognizing that K and §2( are skew symmetric with k¥ and da as
the respective axial vectors, it may be readily obtained that

Sk =dag +Sa x k. (52)
Using the result (47) on Egs. (50)-(52), the co-rotated variation Se
and ok are obtained as

Se =36 —8Ue =8¢ —Sax Qg

Sk = 8K — Sk = Sav g, (53)

Similarly, using the result (48) on (53), the variation of the material
form &€ and 8k may be found as

88 =Q"8e =Q Sz,

(SE = QT5IC = QT((S(pg’:1 — 80( X (0251 )
From Eqgs. (25), (45) and (49), the variation of deformation gradient
tensor is

8F = 8(QFI}) = 8A.F + §F,

SF = QSFI} = Q[8(€® E)|I] =€ E,,

(54)

(55)

where
8€ =Q78e + QTSKQ [&:E; + &3E3] = 8€ + 8K [&,F, + &3E3],
Se = Q8€ = 8¢ + 5K[&d, + £3ds3).
(56)

3.4. Stress tensor, the reduced force and moment

Consider the Cauchy stress tensor o referenced to the current
configuration 2 and the first Piola Kirchhoff stress tensor S¢ and $°
referenced to the configuration Q¢ and 29, respectively, such that
the associated stress vectors are given by

oi=0d; =0;d;
S = S°d = S°E; = Sy,

Therefore, the stress tensor can be written in the index form as

(57)

o= 0','®dj ZEﬁd;‘ ®d;,
S =S eod=Sdod. (58)
S =S QE; =§ﬁdi QE;.

It is expedient to define the reduced force and moment at the mid-
curve of the current configuration in the classical sense as

n&) = /.@1) 01d&dEs = /.(&)51(152(153 =7d;, (59)

m(&;) = /I(E )rpc x 01d&,d&3 = /.

The first component of the force vector 7; represents the axial
force along d;, whereas the components 77, and 73 represent the
shear forces along the directors d, and ds, respectively. Similarly,
the component m; of the moment vector represents the torque
about the vector d; whereas the components m, and ms3 repre-
sents the moments about the directors d, and ds. Fig.6 gives a
geometric interpretation of the reduced force and couple.

rpc x $1d&,dE3 = mid,;.

&)

4. Strong form of the reduced balance law of Cosserat beam
using Lagrangian differential equation of motion

We derive the reduced governing differential equations (strong
form) by considering initially straight configuration €25, finally ob-
taining the equations for initially curved (but unstrained) reference
configuration 2¢ using the relations defined in the previous sec-
tions. The infinitesimal equilibrium equation for a general contin-
uum problem referenced to the configuration 5 is given as in Lai
etal. (2010) by

Vo .8 + p°b = p°R (61)

for the material point defined by the position vector R(§1, &5, &3).
The operator Vs represents the gradient operator with respect to
the configuration 2°. Therefore, (V qs.8°) represents the divergence
of the tensor S$* referenced to €°. The quantity b(&4, &,, &3) is the
body force per unit mass of the body and is independent of the
reference configuration. Integrating above equation over the entire
undeformed domain 25 followed by the application of greens the-
orem to get the boundary terms gives the balance of linear mo-
mentum equation. Similarly, taking the cross product of the lever
arm (R —v) with all the terms in Eq. (61), followed by the integra-
tion over the entire domain gives the angular momentum balance
equation with respect to any fixed point p defined by the fixed
vector v (Fig.7), such that

f SNdTs + [ pohdQs = / P RASY, (62)
'S QS QS

/ (R—v)x(SSNS)dFS-i-/ 05 (R —v) x bdS¥*
Is Qs

:/ P (R—v) x RAQ¥. (63)
Qs

Here, I'S and N° represents the boundary and the normal vector
respectively in the configuration °.
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Fig. 6. Reduced force n and moment m.
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Fig. 7. Reduced element of unit arc-length of initially straight beam and incremental moment about an arbitrary fixed point-p.

Fig.7 gives physical interpretation of terms in Egs. (62) and
(63). It also shows reduced element with d&; =1 in Q5 configu-
ration, from which, the stress vectors at the cross-sectional bound-

aries B; = M(§;) and W, = M(&; + d&;) are
[S’N’]|m, =S°N°(§1) = —S°E; = -S4, (64)
[S’N°]|m, = S’N°(§1 + d&)) =S°E, = S;.

4.1. Strong form referenced to initially straight configuration

To obtain the reduced governing differential equation that holds
at every point £; on the midcurve, we exploit the fact that the
conservation equations (62) and (63) obtained for the entire beam
are also valid for the reduced element of the beam (Fig.7), since

equilibrium of the structure as a whole implies the equilibrium of
a reduced element in 5.

4.1.1. Conservation of linear momentum of the reduced beam
Like Eq. (62), the linear momentum conservation equation for
the reduced unit arc-length element (Fig.7) is obtained as

X Term F1: X
The reduced internal force at the cross-sectional boundary
B, and W, referred to unit arc-length reduced element.

/ SNS (&, )dE,dEs + / SNS (&, + dE)dE, dEs
u, u,

Term F2:
The reduced external force due to
body force and surface traction.

Term F3:
Inertial force term.

0ShdSY = / OSRASE,
Qs Qs

+ [ SNsdrs +
ry

(65)
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For the domain of unit arc-length reduced element, the volume in-
tegral of any function W(&4, &,, £3) would become integral over
the cross section B(&1) as

Jim /Q W b, £)dD° = /_

Term F1 may be simplified using Eqs. (57), (59) and (64) and Term
F2 may be simplified using Eq. (66) as

) (&1, 5, &3)dérdés. (66)

1

Term F1= lim [n( +d&) —nED] =1 (67)
1—)

Term F2= [ S*N*dTS + / 0°b d&,dE; = R (&), (68)
r3 [ |

Term F3 involves total time derivative R = %%‘ that may be ob-

tained using Eqgs. (3) and (11) as

. . DR

R(1.6.6) =u= o = 9(61) + @(§1) x g,

2
R(E 6.6) = 03 = (&) +6(E)
x Tpc + @(&1) x @(&1) x Ipg. (69)

Here the vector w(&;) represent the axial vector corresponding to
the anti symmetric tensor W(&;) that deals with change of direc-
tor with time (Eq. (11)). In other words, @(&1) and @(&;) rep-
resents the rotational velocity and rotational acceleration of the
beam cross-section respectively. Therefore, Term F3 can be ob-
tained using the result (66) and (69) as,

Term F3= ¢+ @ x Y+ x @ x Y5, (70)
where
we) = [ pidgadss, (71)

To(&) = /_ prrcdEydEs

- [ / P5§2d§2d$3:|dz+|: / P5$3d§2d§3:|d3~ (72)
n | ]

T3 R

It is clear that the first term (u°¢) of Eq. (70) represents the in-
ertial force acting at the midcurve point G (Fig.1) on M(&;). The
term w® represents the mass density per unit arc length in the ini-
tially straight configuration Q2. The occurrence of second term is
because of the fact that, in general the midcurve may not coincide
with the mass centroid. The terms Y3 and Y3 represent the first
mass moment of inertia per unit arc length of the straight beam
configuration Q5 about the director%% d, (or E,) and d3 (or E3),
respectively. These terms would vanish for the untwisted straight
beam 5 of homogeneous material if the beam midcurve is cho-
sen as the loci of mass centroids, which in this case would coin-
cide with the geometric centroids. If the initial configuration of the
beam were curved €€, these terms would vanish only if the mass
centroid were chosen as the midcurve, as in this case the loci of
geometric centroids may not coincide with the mass centroids.

Combining Eqs. (65)-(72) gives the reduced linear momentum
conservation equation of the moving beam at section M(§) re-
ferred to the initially straight configuration 25 as

ne +8E) =F 6 (73)
where
FE)=pwd+ox (@xY)+@x Y

represents reduced inertial force per unit arc length referenced to
the straight configuration €.

4.1.2. Conservation of angular momentum of the reduced beam
Like Eq. (63), the angular momentum conservation for the unit
arc-length reduced element (Fig. 7) can be written as

. Term M1: .
The reduced internal moment at the cross-sectional boundary BM; and M,
referred to unit arc-length reduced element about a fixed arbitrary point p.

/.1 (R—v) x (SN°)d&rdEs + /.Z (R—v) x (SN°)drdEs

+ [ R=v)x (SN)ars+ [ p*(R-v) x bas
rs Qs

Term M2: .
The reduced external moment about a fixed arbitrary
point p due to the body force and surface traction.

- / p°(R— v) x RASY . (74)
QS

Term M3:
Inertial term corresponding to
moment about point p.
It is sensible to define the moment about the midcurve such that
the lever arm is rpgc = (R— ¢), for an arbitrary fixed point p in
space. Therefore, from the definition of reduced force and moment
as in Egs. (59) and (60), and using the result in Eq. (64), Term M1
may be simplified as

k

2
Term M1 = )" [ /. (R— @) x (SN°)d&,dE;
k=1

+ [ @-vx (SSNS)dszdsg}
.k

dlgilT1[m(€1 +d&) —m(§)]

d&—1

+ lim [ /. (@ — 1) x S1dEdEs

- / (<o—v>xs1dszdsg}
u,

=Mg +@e xN+(P—V) xX1g. (75)

For a unit arc-length reduced element, Term M2 and Term M3 may
be simplified using Eq. (66) as

Term M2 — / (R = v) x (SN*)dT™ + / 05 (R = v) x bd&,dés
rs n
=M@+ [ (9-v) x (SN
ry

+ [ 9= v) x bdgadss, (76)
| |
where

M) = fr (R ) x (SN)AI™ + /_ P°(R— @) x bdgydés

represents the reduced moment due to surface traction on periph-
eral boundary I'§ and body force about the midcurve point G on
B(&,). Similarly,

Term M3a

Term M3 = /. 0°(R — @) x Rd&,dé; + /. 0°(@ — V) x Rd&,dé&;.
(77)

Term M3a represents the reduced moment due to the inertial force
about point G on M(&;). To simplify Term M3, consider that the
vector rp; to be the axial vector corresponding to the anti sym-
metric tensor Rpc, such that for any vector g = gd;, Rpcg = 1o x &.
Noting the expression for R and Y as in Eqgs. (69) and (72), Term
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M3a becomes

Term M3a = / ©0*(rpc x R)d&,dés
n
=Y x@- /- P*TpG X (g x @)d&rdé3
+ /. PTpc X @ X (@ x Tpg)d&,dEs
=¥ %= [ o RucRocirdsds
- /. PPw x (ﬁpcﬁpcw)dfzd&
— Y x G+ { /. P R Rocdérdes }co

o | [ o RioRudtdgs o

=Y x ¢+ o +ox Lo, (78)
where
&) = [ p* (RioRoc) dgads
E+& 0 0
= f. P’ 0 £ —&5; | d&dés; (79)
0 ~&& &
0 & &
Rc=| & 0 o0 (80)
-5 0 0

The quantity I, is the second mass moment of inertia tensor per
unit arc length of the straight configuration 2°; it is associated
with the distribution of mass across the cross section. The vec-
tor (¢ —v) is independent of the parameters &, and &5. Therefore,
combining Eqs. (74)-(80) we get

Equation M1

Mg +@g xN+M— (T x@+Iyo+oxyw)

+ (p—-1) x [ﬂ,sd—/ sstdFS+/. psbd§2d§3_/. psR'dézdég]
5

Equation M2
—0. (81)

It is clear that term Equation M2 contains terms consisting of
@ — v, which must vanish in order to obtain angular momentum
balance law with respect to moment taken about the point G on
W(&4). It is clear from the linear momentum conservation equation
(73) that the term Equation M2 vanishes. Therefore, the reduced
strong form of angular momentum conservation of the Cosserat
beam, referenced to ° is given as

m,g:] +‘P.§1 X1 + M = A.S,
where

(82)

Xs(s]) =Y x (p+lfv,w+w leww
represents reduced moment about point G on cross-section BM(&1)

due to inertial force per unit arc length referenced to the straight
configuration 5.

4.2. Conservation laws of the reduced beam referenced to initially
curved configuration

To derive the balance law referenced to ©2¢ we need to trans-
form the limits of the integrals in the strong form obtained in pre-
vious section to the configuration 2¢. Consider that the unit arc-
length reduced curved beam element is defined by the boundary

'S UM UM, in Q° configuration similar to the element defined in
Fig.7. To proceed further, it is required to establish a relation be-
tween the stress tensors §° and S°. The relationship between o, §°
and S¢ as referred from any standard continuum mechanics text
like, Lai etal. (2010) leads to
1 cprT 1 spsT
| Ff|s F | FIS F,

o (83)

§° = |FC|STF. (84)

The area vector on the surface boundary N°dI"* and N°dI"¢ in the
configurations 25 and ¢, respectively, is related by Nanson’s rela-
tion as

1
NSdI™ = —F'NedIe.
|Fe|
Using Egs. (84) and (85) and the result in Eq. (33), the reduced
linear momentum conservation equation referenced to the curved
configuration Q¢ are obtained as,

(85)

ne + (&) =T, (86)

where,

= [ sNares [ |Fe|otbdgadsy: (87)
1"; | |

FE)=pP+wx (@xY)+ax Y (88)

ue = [ IFelotdeadty (89)

Y= {/_ |FC|pC§2d§2d$3}d2 + [/. |Ff|pcé3d$2d$3}d3. (90)

Similarly, the reduced angular momentum conservation equation
referenced to 2¢ has similar form as Eq. (82), such that,

Mg + @ x N+ =1(&), (91)

where,

= [ 1o x (SNOT + [ F|pe(rog x b)dgadss:  (92)
re n

A(E) =Y %@+ Iy + o x (Iyw); (93)

Iy = /. pC(EITJGEPG)dEZdE} (94)

The parameter Y© defines the first mass moment vector and Iy, de-
fines the second mass moment of inertia tensor per unit arc length
of the curved reference configuration €°¢.

5. Weak form of reduced balance law for Cosserat beam
5.1. Weak form from Lagrangian differential equation of motion

To obtain the weak form of equilibrium equation, we imparted
the object in the current state 2 with an admissible but arbitrary
virtual displacement field du given by Eq. (46). It is clear that §u
comprises of the virtual displacement of the midcurve (translation)
8¢ and a component due to virtual rotation of the frame of ref-
erence, parametrized by da as explained in Section3.3. From the
definition of F and u following results hold,

F=L+ VQ:H;

(95)
0F = Vgséu.
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The point-wise equilibrium equation Eq. (61) can be written in an
integral (weak or scalar or residual) form as

/ su. (Vo S + p°b— p*R)dQS = 0. (96)
QS
Using divergence theorem on the equation above, followed by sub-

stitution of Eq. (95) yields,

Term A Term B Term C

[ sF:sdos+ / 51, (SSN)dT™S + / Su.bdrs
Qs I's Qs
Term D
—

- o°Su.RdT™s = 0; (97)
QS

Note that unlike the strong form, the weak form considers the
equilibrium of the structure as a whole (in integral sense). There-
fore, for any function W(&;, &,, £3) the volume integrals can be
written as,

L
[ W e gaer = | [ A \I’dszdsg}dsl. (98)

5.1.1. Term A: virtual strain energy

Term A represents the virtual strain energy stored in the beam.
The result of the virtual strain energy in Eq. (97) is not surprising
as the stress conjugate to the first PK stress tensor is the deforma-
tion gradient tensor. Using the expression for 8F and §F obtained
in Eq. (55), Term A can be simplified as,

Term A = OF : $°dQ°
QS
Term Al Term A2
— [ GuF): s5d + / GeEy) : SdQ. (99)
Qs Qs

Note that Term A1, represents the virtual strain energy stored due
to variation in the director frame, which is purely due to virtual
rigid body rotation (not strain!). Hence, using Eqs. (83) and (84),
and noting that the scalar product between symmetric and anti-
symmetric tensor is zero (o : §2 = 0), it can be shown that Term
Al vanishes as,

Term Al = [ (32UF) : S'dQ* = / trace[S* (S2LF)T]dQS
Qs Qs
_ f trace| [F|oF~T (S2F)T]dSs
QS
= |F|/ trace[oF~TF.52A]dQ2*
QS
- |F|/ o : SAISE = 0, (100)
QS
Therefore, the virtual strain energy of the beam reduces to Term
A2. It can be simplified using the definition of é& as in Eq. (56) and
the result in Eq. (98) as,
Term A2 = /QS (Se@El)US,?deZS = ‘/QS Se;SyE Sy

= | SeS3d
QS

_ [0 ' [ /_ 51,5 dexdes dey

+ /OL [/. 51.[SIC X l‘pc] d§2d53]d51-

Noticing that §e and 8k are independent of &, and &3 and using
the property in Eq. (48), Term A2 simplifies as,

(101)

L ~ ~
Term A2 = / (n.0e + m.ok)dé,
0

L
- /0 (1.(Q5E) + m.(Q5%))dE,

_ /0 ' (ﬁSE + ﬁ.(SE) d&,.

It is noteworthy that the strain energy density (SF : §° = $;.5¢), is
contributed solely by the stress vector S;. This is because the cross-
sections are assumed to be rigid. Secondly, the strain conjugate
of reduced force vector 5 and reduced couple m is the co-rotated
variance of the virtual midcurve strain §& and the co-rotated vari-
ance of the virtual rotation of the director frame k. Thus, we in-
fer that the virtual strain energy is only contributed because of
the variation in the components of the strain vector (related to co-
rotated virtual quantities).

(102)

5.1.2. Term B and Term C: virtual external work due to surface
tractions and body forces

Term B represents the total external virtual work due to trac-
tion on the boundary of the beam. The boundary of the entire
beam in 2° consists of two cross-sectional boundaries B(0) and
M(L) and the lateral surface of the beam. External virtual work due
to traction in the reduced element of unit arc length in Fig.7 can
be summed over the entire length to give Term B. Referring
Eq. (64),

Term B1

Term B = /0 ' [ /. Su.S3ddE; — /. 8u.S§d§2d§3]dél

Term B2

L
+ fo [fm Su.(SSNS)d$zd$3i|d§1

Term B1 represents the virtual work at the end boundary of beams.
All the reduced element of unit arc length (d§é;— 1) club to-
gether to give the entire beam, such that the external work due
to traction at the cross-sectional boundary is only because of end
boundaries (HM(0) and M(L)) of the beam. Substituting for du as in
Eq. (46) into Term B1, we get

(103)

L
Term B1 = /0 |:8(a(§1 +dE) - /. S dE,dé;
— SpE) - /_ s%dszdsa}dsl
L
+ /0 [aa@wds])x /_2 o x S} déydés
— Sau(Ey) - /_ Foc x S§ dszdsa}dsl

= /OL[&P(él +d&1) - (&1 +d&1)
— 8¢ (&1 +d&r) - n(51 +d&r)]dé;
o [ Bt vz mee +d)
— da(§1 +d&r) - m(§; + d&q)]dé
:/OL(Sgovn—i—Socvm)’éldé]

= [8¢ - 0I5 = + [do- m]] g, (104)
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Term B2 represents the virtual work due to traction on the lateral
surface of the beam. This is simplified as,

L
Term B2 = / / (8@ + da x 1pc) - (S°N°) dT'5d&;
0 Jry

L
:/ {3@/ SSNSdrg}d§1
0 r3

L
+ / {(Soc~ / (rpcxsszvS)dr;}dgl.
0 I3

The total external virtual work due to body force can be simplified
as,

L
Term C = /0 /. p°(Su.b) d&,d&;dé,

_ /0L8<p~[ [, pob déadss Jaz,
v f  Sec. [, P x b déadss Jasi.

Term B and Term C combined together gives the virtual work due
to the external force (body force and surface traction). Therefore,
using the definition of 8 and Mt as defined in Eqgs. (68) and (76),
Term B and Term C can be clubbed as,

(105)

(106)

&=L

Term B + Term C = [S(o.n]z:é + [(Sa.m]&zo

+ /L(6¢~R+8a~§m) d&,. (107)
0

5.1.3. Term D: inertial work due to virtual displacement

Term D gives the virtual work done due to the inertial forces.
This can be simplified by making substitution for R and du as in
Egs. (69) and (46) and realizing the fact that §¢, da, ¢, ® and @
are functions of £; only. Thus,

L
Term D = A 8(0|:/. ps((P +® x Ipg + @ X ((4) X rpc))d§2dé_3i|d§]

L
Wi = [ (005 + 80 d)d, ()

_ S
Westerna = [S0.0]5  + [Soem]]' ™ + /0 (508 + Sa. ) d&,.
(112)

Eq. (109) bears a recognizable form of virtual work principle which
states that if the body in dynamic equilibrium is subjected to a
virtual displacement at a given instant of time, the virtual work
done due to the real external forces § Weyierna (Traction and body
force) is stored as virtual strain energy U .. and virtual work
due to the inertial forces on the body W} ..... The virtual work
principle, when the deformation of the beam is referenced to the
curved configuration would then become,

OUgtrain T Winerial = Wexternal: (113)
where,
L . . L
Susctrain = / (’7 -6’ +m. 5Kr)d$1 = / (ﬁ 08 +m- SEr)dél,
0 0
(114)
L
SWiertial = /0 (8.5 + Sa.A)d&;. (115)

The terms above have usual meaning as defined in previous sec-
tions. It’s worth noting that the virtual external work § Weyernal Te-
mains the same for both the reference configuration 25 and Q€.
The expression for the strain energy and the inertial work changes
because the strain and the inertial effect depends on the initial
configuration of the beam considered.

L
+‘/0 8“[/. PTpg % ((04—(0 X Ipg + @ x (@ x rpc))d§2d§3i|d§]

3

w s
[ —— ——— ————

s

—

_ /(;LS(p. [ (/. de-) b+ 6 x (/. psrp(;dl> 40 X @ x (/- ,osrp(;dl> } d&,

AS

s Iy

B

L ~ ~ ~ ~
+/(; Sa. |: (/; ,Osrpcd.) X¢ + (/. ,OSR;I;GRP(;d.) +w® X (/. ,OSR};GRPGd.) (x):| dé}]

L
_ / (50.3° + S\ )dE,
0

5.14. Virtual work principle for Cosserat beam

The final virtual work equation for the reduced Cosserat beam
referenced to the initially straight beam configuration Q5 can be
obtained by combining Eqs. (97)-(108) as,
0Ustrain + OWitertial = SWexternal:

strain

(109)

where,

L - - L S
8 :trainzﬁ (ﬂ.5€+m.3k>dé1 =‘/0 (77.88+m.81c)d51, (110)

(108)

5.2. Equivalence of weak and strong form of equilibrium equation

The linear and angular momentum conservation principle for
the reduced beam is obtained in Eqs. (73) and (82) of Section4.
The weak form of equation as derived in Section5.1 can be ob-
tained in pure mathematical sense from the strong form. This
shows the equivalence of strong and weak form and also validate
the results obtained in Section5.1. We take the similar approach
as delineated in Hughes (1987). The linear momentum equation
(73) is associated with the midcurve deformation. Therefore, the
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weight function used to obtain residual form of reduced equilib-
rium equation is the virtual displacement of the midcurve §¢. Sim-
ilarly, the angular momentum equation (82) is associated with the
curvatures of the cross-section, thus making virtual rotation Sa as
the natural choice for the weight function. Note that §¢ and d« are
admissible and are related to éu as shown in Eq. (46). The residual
form of equilibrium equation referenced to the straight configura-
tion Q5 can be written as,

L
/0 (6@ (e + B —F) +8a- (mg, +@g x 1+ —1%)]d&,
=0. (116)

Using Green’'s theorem and the property of the triple product of
vectors, following results hold,

L L
/0(5(0'77.51)6151:[8(P'77]2:l(-)_/0 b@, - Mdér,

&

L —L L
/0 (Op -mg,)dé, = [Se-m]]' - /0 (Sorg, - m)dE,.

L L
| 3@ xmdgi = [ - Gax o s (117)
0 0

Therefore, using the results in Eq. (117) with Eq. (116), the residual
form of equilibrium equation simplifies as,

L
/O (50, — 80 x @)+ S, - mldE;
L
+f 8@ -F° + 6o - L5)d&
0

L
— (¢ W+ o mE T+ [ (5% e 20) di. (18)

Noticing the expression for §& and 8k in Eq. (53), the above equa-
tion becomes,

L _ - L
/[5€-n+5x~m]d§1+[ (59 -3 +da - A)dE,
0 0

L
=[d¢- n] o+ [Be- m]E 0+/ (8¢ - R + 8o - M) d&;. (119)

which is exactly same as the weak form (Eq. (109)) derived from
the infinitesimal Lagrangian equation of motion thereby validating
the former approach.

6. Strong form of equations derived from Hamilton’s equation

Hamilton’s Principle (refer Rao, 2007) can be used to evalu-
ate the dynamic equation of motion. The principle assumes that
the configuration of the deformed beam is exactly known at time
t; and t,. Therefore, the variational field du(tq, &1, &5, &3) =0 and

55

w Ox Y5 +wxwxYs

where §¢ defines the admissible variation in the midcurve and the
vector do¢ parametrizes the variation in the director frame. The ex-
act deformed configuration at any time t; <t <t, is determined by
making the action A stationary, defined as,

t
PR Y A

t t

Wexterna)dt. (120)

stram +

where, the functional £ is called the Lagrangian of the problem.
The Principle states that,

t
J (T - Ustrain + Wextemal) dt
t
Term 1 Term 2 Term 3
—_—~—

t t t
— [T de- / Ui dt + / SWoerna dt =0 (121)
3}

t t
6.1. Term 1: simplification of kinetic energy term

The total kinetic energy of the beam referenced to 2° can be
written using Eq. (69) as

T = 1 puud = - O°RR d*
2 Qs Qs
1 .. ..
=5 /Q P (@ + Tpg). (@ + Tpg) dS2°. (122)
Therefore,
5]
1) T dt

o]
t
= / / pS[(S(p(D + 8(01‘[76 + (OSTPG + (Si‘pc.f'p(;]dgs dt.
t JQs

We subject Eq. (123) to integration by parts with respect to
time and note that §@(t;) = §@(ty) = Sae(t;) = da(ty) =0, there-
fore 8rpg(t1) = Sae(ty) x rpg = 0 and 8rpg(ty) = 0. This leads to,

t, t,
) Tdt:—/ /[8¢(ﬂ+5(prpc+(p5rpc
t t; J
+ 8rpG . fpg]dQs dt. (124)
We notice the following relations,
@.81pc = @.[S0t x Tpg] = Se.[Ipg x P]; (125)
Otrpg.itpe = So.[rpg x Tpg]. (126)

Substituting (125) and (126) in Eq. (124), and realizing that §¢, dc,
@, Sw and éw are function of (&4, t) only, we obtain,

s “Tae=- / | 6«)[ [ [ orazades)+ ] /.psfpcd§2d§3}j|d§1 dt

AS

s Eo+oxEo

_ /tlfz /OL Sa. |: { [. Psrpcdgzd&} x@ + { /. p*(rpg x fpc)d52d53}i| dg; dt.

Su(ty, &1, &, &3) = 0. There are infinitesimal configurations that the
beam can have at any time t (t#t;andt,), each configuration devi-
ating from the correct one by an arbitrary but admissible displace-
ment field du(t, ;.. &) =d@(t. &1) +da(t, §1) x rpc(§1, 62, 63).

Therefore,

ty t, pL
5 Tde=- f f [w.ss +8a.ks]d§1 dt. (127)
t t 0
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6.2. Term 2: simplification of potential energy term

The virtual strain energy term in Hamilton’s equation can be
obtained from Eq. (102) and using the results from Eqs. (53) and
(56) as,

t ty pL
Uiy dt = /[ /O (8@, — 8o x @g) 1+ o, - mldE, dt.
(128)

Rearranging the terms and carrying out integration by parts with
respect to &, we obtain,

t

t t, pL
8Uqgrin dt = — [ / 50 Mg +00- (@g x 0+mg)dE de
t 0 ) )

&=L

3]

+|: t2[8¢-n+8a-m]dt:| (129)
t

§1=0

6.3. Term 3: simplification of external work term

The body force field b and the surface traction are the external
forces in the body. The external force term in Hamilton's equation
can be written as,

Term 3.1

) t;
SWenteral dt = / 05 (Sub)dS dt
ty Qs

t
Term 3.2

t, pl
+ [ [ (usn)ars dg de (130

6 Jo Jry
where I'§ represents the surface boundary for an element of unit

arc length in ©Q° configuration (refer Fig.7). Term 3.1 and Term 3.2
can be simplified using the expression for du Eq. (46) as,

[ " [ ou-bydes de = [ “ [ 0] [ prbaceass]

+ 8| /_ p* (1o x b)dgadss | g dt:

(131)
t L
/ / / (Su.(SN*))dT5 d&, dt
t Jo Jry
t, pL
:/ /8¢~[ SSNSdrg]
ty 0 F;
4 (Soc.[ / rpcx(SSNS)dF§j|d§1 dt. (132)
rs

Combing Egs. (130)-(132) and noting the definition of reduced ex-
ternal force 8 and moment 9t in Eqgs. (68) and (76), respectively,
we get,

t ty L
SWoyrarnt df = / / [60.8 + Sa.om]dE, dt. (133)
t ty 0

6.4. Governing equations of motion and boundary terms
The Hamilton’s equation for the Cosserat beam can be realized
by combining Eqs. (121), (127), (129) and (133) as,
ty pL
/ /0 (60 (ne +8 ) 180 {mg, +@g, x1+M—A}dE de
2]

&=L
=0.
£=0

+ [ tz[B(o -+ da- m]dt] (134)

Realizing that §¢ and S« are arbitrary virtual quantities at time ¢,
for Eq. (134) to hold good for all 8¢ and $e, following must be
true,

ng +8-F =0, (135)

mg +@z xn+M-A° =0, (136)
£i=L

[8(/).77]&:0 =0, (137)

[Soc.m]?:é —0. (138)

Eqgs. (135) and (136) represent linear momentum conservation and
angular momentum conservation law referenced to straight config-
uration Q¥ respectively. It is not surprising that the result is same
as obtained from infinitesimal equilibrium equation in Section4 as
in Egs. (73) and (82). Secondly, Egs. (137) and (138) represent the
general boundary condition at & =0 and &; = L. For instance, if
the left boundary is fixed and the right boundary is free, ¢(0) =
0(0) =0 and n(L) = m(L) = 0. Note that So parametrizes the vari-
ational rotation of director frame that has rotation of Q(f) in
equilibrium state. Therefore, for the fixed end, da(0) = 0 implies
6(0) =0 at all time t.

6.5. Interpretation of equation of motion from D’Alembert’s
principle-motion viewed from the director frame

To interpret motion from the non-inertial frame in general, we
define the impressed forces as the forces that are imposed on the
system due to external effects and due to the configuration of
the system. In the case of Cosserat beam, the body force, trac-
tion (external forces), and the internal stresses (due to deformed
configuration) are the sources of the impressed forces. We define
the forces of inertia referenced to a frame in consideration as the re-
sisting forces by the structure, as observed from the frame con-
sidered. Lastly the Einstein forces or the apparent forces are de-
fined as the forces experienced by the object due to non-inertial
nature of the frame of reference. The object satisfies the state of
equilibrium if the effect of impressed forces, Einstein forces, and the
forces of inertia referenced to a frame in consideration are consid-
ered simultaneously. This law is referred to as the D’Alembert’s
Principle.

Owing to the single manifold nature of the problem, the motion
of the Cosserat beam is simplified to motion of the midcurve. Each
point of the midcurve has a rigid section attached to it. Therefore,
the equation of motions developed in Section4.1 can be thought
of as the equilibrium equation of a unit arc length element with
the mass ©° idealized as a rigid section B(&;), with the mass u*
distributed homogeneously throughout the section.

We have assumed that the midcurve may not necessarily be
the locus of the center of mass. For the section B(£), the point G
represents the intersection of the midcurve at the section and the
point M represents the mass centroid. The director frame {d;(&;)}
is attached to the section M(&;) with origin at G. The point M is
located by the vector 1y = % Fig. 8 describes the details.

The conservation of linear momentum equation (73) represents
the translational equilibrium of the mass u°. The mass u’ is static
with respect to the frame {d;} because the section is rigid. The
frame {d;} is translating with the translational acceleration of ¢
and is rotating with the angular acceleration @ referenced to the
inertial frame of reference E;. The mass ©’ experiences the follow-
ing forces,

1. The impressed force = 5 ¢, + 8 (&1).

2. The force of inertia w.r.t the frame {d;} = —Sfyc = 0.
3. The Einstein force due to translation = —u5¢.
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Fig. 8. Reduced element of unit arc-length idealized as a rigid section with mass u*.

4. The centrifugal force = —w x ® x (UWryg) = —® x ® x (Y®).
5. The Euler force = —@ x (5ryc) = —@ x (Y®).
6. The Coriolis force = —2® x (uSfyg) = 0.

The conservation of angular momentum Eq. (82) represents the
moment balance of the section B(& ;). If the force on the elemental
mass p°dé,d&3 located at point P of the section, positioned by the
vector rpg, is dF, then the total reduced moment of the section is
fl(§1 ) I'ec x dF. Therefore,

1. The reduced moment due to the impressed forces =mg +
@ XN+ M

2. The reduced moment due to force of inertia w.r.t the frame {d;}
=— fl(&) PSTpc x Fpodé&ydEs = 0. Note that the parameter fpg
represents the acceleration of the point P w.r.t the frame {d;};
it vanishes since the section is assumed rigid.

3. The reduced moment due to the translational Einstein force =

*f-(gl) prp x PdErdEs = —Y* x @.

4, The reduced moment due to the centrifugal force
=~ Jm,) Trc x (@ x @ x (rpgp°d&rdE3))
=-w x lyw.

5. The reduced moment due to the Euler force = —f.(gl)rpc X

(@ x (rpgp°d&,dE3)) = Iye. _
6. The moment due to the Coriolis force is 0 because rpg = 0.

It is noteworthy that the Coriolis force and the force of inertia
w.r.t {d;} (and the respective moments) vanishes because we have
ignored the Poisson’s and the warping effect. If the section is not as-
sumed to be rigid, we will have these two forces (and the respec-
tive moments) and an additional force term in the impressed force
on account of addition stresses developed. Secondly, if the mass
centroid was considered as the midcurve, the mass ©5 would not
experience centrifugal force and Euler force.

7. Comments on constitutive relations

The equations of motion derived in the previous sections are
completely general. The internal forces  and the moment m are
related to the finite strain vectors € and k" through constitu-
tive relations of the modeler’s choice. As a matter of example, we
demonstrate a hyperelastic linear constitutive model (as in Iura

and Atluri, 1989), considering the Q€ as initial configuration. As is
observed in Eqgs. (59) and (60), the reduced force and the moment
depends on the stress vector §;. Therefore, we linearly relate the
stress vector §; to the strain vector €' as,

er

S = CW (139)

From the definition of €" = € — Q"¢® = €/d;, we can write
€ =¢&" + k" x (520, + &3d3)

where,

e'=e-Qe =%d; Kk =k-Qk‘=kld,.

Note that the curved reference configuration has same length
as the mathematically straight configuration and zero shear an-
gles. Therefore, & = 0. Using all these results and plugging Eq.
(139) into Eqgs. (59) and (60), we obtain a constitutive law of the
form shown below.

1)

The coefficients € and ¢ are detailed for the homogeneous and
isotropic case in the Appendix A.4.

(140)

8. Conservation of energy and time invariance

We know that the Hamilton’s formulation of least action holds
if the impressed forces are monogenic in nature (refer Lanczos,
1970). Therefore, work functions for the forces can be defined. The
work function need not necessarily be conservative for the applica-
bility of Hamilton’s principle. Table 1 lists the work function for all
the forces considering the straight beam as the undeformed state.

In Table 1, U® represents the strain energy density. Secondly, the
work function for external force used in Eq. (121) can be written
as Wexternal = Wp + W

We may arrive at the Energy conservation laws and the con-
ditions associated with it by considering the real infinitesimal
displacement du = 1idt as the variational field in the Hamilton’s
equation (121). This unique consideration no longer guarantees the
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Table 1
Forces and their respective work functions.

Work function

W, = [ p°(u.b)dQ*

W=y Jrs (u.(SN))dT§ dEy

U un = Jo F5S3092 = [ USdS®

T=1 [0 PPRRIQ = 1 [o poilaad¥

Forces

Body force b
Surface traction
Internal stress

Inertial force

virtual displacement at time t; and t, to vanish. Therefore, for
Su — du, the Hamilton’s principle modifies to,

t
5| gdt= [ P ladulZpd Q. (141)
QS

ty

Using Table 1, the left hand side of the above equation can be sim-
plified for u — du as,

t: t:
5 ZSdt:/Z{ (St - 81 — SUS + p*Su - b)dQ2®
t t o
L
+ / / (Su- (SN*))dT d&}dt
o Jry
ty
=[/{ (p%ii - i — dU + psii - b)dQ
ty Qs
L
+ / / (it - (S°N*))dTs d§1}dt:|dt
0 Jry

_ & dT dUstrain de dw;
- [/t e S
= [T — Ustrain + Wexternal]z dt. (142)

It was possible to simplify Eq. (142) by assuming the traction and
body forces to be constant with time. This was done to obtain a
particular and simplified form of energy as (T — Ugain + Wexternal)-
The second step of (142) shows the general energy conservation
law. We can evaluate the right hand side of Eq. (141) for du— du
as,

t=t,
/ ps[l'L(Su]fjfdQS:[ / psu.udszS] dt = [2T]iZde. (143)
Qs Qs

t=t;

Therefore, from Eqs. (141)-(143), we have

t=t,
I:/QS /Osﬁ -udQ° — 2] = [T - Wexternal + Ustrain]fztf =0.

t=t;

(144)

This implies that the quantity (T — Wegternal + Ustrain) 1S conserved.
This quantity is energy H (or Hamiltonian). It is clear that the ex-
ternal work Weyernat adds energy to the system. This energy is
used to deform the beam (stored as strain energy Ugy,iy) and to
bring the motion in the beam (stored as kinetic energy T), imply-
ing Weyternal = Ustrain + T- Therefore, a relationship between the La-
grangian and the Hamilton can be established for Continuum prob-
lem as,

pSuud’ — £ =H. (145)
QS
The above equation establishes a relationship between the La-
grangian and Hamiltonian functional. It is well known from the
classical mechanics of discrete bodies that both the functionals are
related by Legendre transformation (Lanczos, 1970). The continuum
is an infinite degree of freedom system. If we assume the beam to
be composed of infinite particle each of mass m; = p*A€2?, located
by u;, the Lagrangian takes the form,

=1 .
£= Z imiui-ui — Ustrain + Wexternal- (146)
i=1

Note that only the kinetic energy is function of velocity. We define
the generalized momentum of the ith particle as p; = (p*AQil; =

%. The Legendre transformation applied to the Lagrangian is
1

therefore, written as,

2. 08 . 2.
dopgi—L=) piti—L=H (147)
i=1 ! i=1
For the continuum case,
o] n
Yopd= lim Y o AL = / PSELHASY. (148)
—> 00 QS

i=1 AL i=1

Therefore, for continuum case, Eq. (147) is same as Eq. (145).

We were able to obtain the Energy conservation law from the
Hamilton’s Principle by considering the differential displacement
as the virtual displacement. We can choose this special case of
variation only if the Lagrangian does not have explicit time de-
pendence. If the Lagrangian has explicit time dependence, then the
variation in Lagrangian occurs at a specific time t, whereas the dif-
ferential change in Lagrangian occurs in a duration of dt. Therefore,
for the Energy of the system to be conserved, the system must
be scleronomic and the forces must be conservative in addition to
monogenic. If the external forces are time dependent, it would im-
ply the presence of external source of energy which is not taken
into account, leading to the addition of unaccounted energy in the
system. In fact, the Energy conservation law arises from the time
invariance symmetry of the nature. Therefore, our understanding
are in accordance with Noether’s theorem.

9. Conclusion and summary

This paper presents the reduced balance laws of a Cosserat
beam in an exhaustive fashion focusing on all relevant details and
the interpretation of results. The Cosserat theory of rods defines
the configuration of the beam by the midcurve and the cross-
section attached to the midcurve. Therefore, the technical discus-
sion begins with the description of the geometry, deformation pa-
rameters, and mathematical tools. This sets the ground to define
the deformation gradient tensor and strain vector of the Cosserat
beam referenced to initially straight or curved configurations of the
beam.

The deformation gradient tensor for the curved reference con-
figuration and the current configuration is developed from the
mathematically straight reference beam. The result is then used to
obtain the deformation gradient tensor of the current configura-
tion referenced to the curved referenced configuration. A complete
derivation to obtain the inverse of deformation gradient tensor is
shown. It is observed that, for the cross-section being rigid, only
the first component of any infinitesimal vector is strained whereas,
the second and the third component of the vector merely rotates.
This fact is clearly reflected in the expression for the deformation
gradient tensor. We also define the arbitrary but admissible vari-
ational displacement field du and obtain the expression for the
co-rotated variation of the axial strain and curvature vector that
is used to obtain the weak form of the equilibrium equation (Vir-
tual work principle). The virtual displacement comprises of the vir-
tual translation given by §¢ and the virtual rotation of the di-
rector frame parametrized by the rotation vector do. A detailed
description of the parametrization of the rotation tensor Q using
Rodrigues’ formula is presented drawing physical interpretation of
virtual rotation of director d;.

The discussion in Sections2 and 3 provides the reader with a
concrete platform to obtain the strong and weak forms of reduced
balance laws. The strong form in general incorporates the linear
momentum and angular momentum conservation laws. The sin-
gle manifold nature (defined by &;) of the problem allows us to
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arrive at the reduced strong form (from the infinitesimal equilib-
rium equation that is valid at every point of the body). The re-
duced strong form of the Cosserat beam is the set of differential
equations that governs the mechanics of the beam.

We obtained the reduced linear and angular momentum
balance equation using infinitesimal equilibrium equation and
Lagrangian-Hamilton’s equation independently. It may be inferred
that the inertial term in the strong form of equations has the terms
associated with both, the first moment of inertia and the second
moment of inertia. This is because we did not assume that the
midcurve passes through the mass centroid of the beam. The inter-
pretation of forces from the director frame points out that the ab-
sence of a Coriolis force (and respective moment) is due to assump-
tion of Bernoulli’s rigid cross-section. Hence, we anticipate the
presence of a Coriolis force, force of inertia referenced to the direc-
tor frame and additional impressed forces due to additional stresses
developed when we consider the Poisson’s and warping effects.

The integral or weak form of the equation represents the prin-
ciple of virtual work for the Cosserat beam. The integral form of
equilibrium equations is also obtained in two ways. In the first
approach, we obtain the weak form using the infinitesimal equi-
librium equation. Mathematically, strong and the weak form of
the equilibrium equations are equivalent. Therefore, the second ap-
proach involves obtaining the weak form from the strong form in
a complete mathematical sense.

It is also observed that the conservation of energy principle
holds if the forces are monogenic and conservative and the La-
grangian functional is scleronomic as expected. The Lagrangian and
Hamilton functionals are linked by Legendre transformation, in an
integral sense.

Each of the derivations is performed rigorously to fully describe
the mechanics of the beam. The understanding presented in this
paper sets the framework to develop/understand finite element
formulation of the Cosserat beam. An interesting study on the ap-
plication of the Noether’s Theorem for the Cosserat beam, and an
extension to the formulation including Poisson’s and warping ef-
fects (by developing deformation adaptive optimized warping func-
tions) is something Authors are looking forward to.

Appendix A

Al. The component of rotation matrix

Ay = cos qby( COS Y11 €COS ¢hp — COS 1 Sin qsp)

+ sin ¢y( COS @3 Sin Y43 — COS &3 sin yu)
A1y = COSQ COS @Pp + COS Y11 SNy
Aq3 = oS ¢y(sin yrz cOs a3 — cos ay sin y13)

+ singy ( COS Y11 COS ¢hp — COS 1 Sin ¢>y)
Ay = cos ¢y (sinyrz COs P — COS 3 Sin¢hy )

+ singy(cosa cos y — cosa sin yi3)
Ay = cosay €os ¢y, + sin yyp singp
A3 = cos ¢y (siny13 cosay — cos a3 €OS 11)

+ singy ( Cos ¢ sin Yy, — cos o sin ¢p)
A3y = cosy( sin yi3 cos ¢ — cos a3 sin )

+ singy(cosay sind, — cosay sin ;)
A3y = coSa3COS Py + sinyy3 sing,
A3z = cos ¢y (cos ary COs y11 — COs s Sin yy;)

+ sin ¢y (cos ¢y, sin yi3 — cos s sin ¢by)

Fig. Al. Illustration of geometric description of finite deformation of the beam.

A2. The component of Darboux vector-the curvature terms

K1 = —0p COSQ3SIN®, + o3 ¢, COSQ SINA3

+ V11,6 COS 011 SiN g1 (— €OS 013 Sin g + COS oz Sin Y43)
5 . .

— ]/12,51 COS ;5 COS Y12 SIN Y3 — )/13,51 COS Y13 S1n Y13
5 .

+ Y13.¢, COS @3 COS Y3 Sin ypp

— Y13, COS 3 COS (3 COS Y13 Sin Y13

+ ¢y (cosay sin yp — cosay sinyi3)

— ¢y¢, (COSQ COS @y + COS Y11 SIN )

1 . .
Ky = j(20:1_51 cosassinay — 203 ¢, COS g Sinas

+ Y1 (2 4 cos2a; + cos 2a3) sin yy3
+ V12,6, (COS X1 COS r3 Sin 213
+ 2c0S oy COS Y12 (—C0Ste3 €OS Y11 + COS & SiNYy3))
+ 2(cos 11 COS Y13 Sin @3 + OS¢y COS 3 SiN 213)
+ 2¢p, ¢, (— cOS 3 COS Y11 + COS @1 Sin y13)
— 2¢y ¢, (COS a3 COS ¢y + sin vz Singyp))
K3 = —Qq g COSO SINQ 4 0y ¢ COS QY SiNQX
+ Y12, (COS 01 €COS (3 COS Y13 SIN Y43 — COS &3 COS Y11 COSy,, )
+ V13, (COS &3 COS 3 COS 41 €COS Y13
— COS ({1 COS (3 COS Y43 Sin Y12)
+ @p g (COSa COS Yy — COSq Sinyp2)
+ Y1 COSar3Sin yyy (COS o Sinyy3
— cosassinyy) — ¢yg (COsaz COs Py
+ siny3singy)

A3. lllustration of a deformed shape of the beam

We present an example of geometric description of the de-
formed shape of a slender rod obtained by using the methodol-
ogy detailed in the Section3.2 (refer Fig. A1). The components of
the directors and the Darboux vector can be obtained using the
results in AppendicesA.1 and A.2, respectively. The rod has an un-
deformed length L, =500 m and a circular cross-section with ra-
dius 0.15m. The initial configuration of the rod is assumed to be
straight along x-axis and the rod is fixed at x = 0. We ignore the
shear deformation (y4; = 0) in this example. The beam is subjected
to elongation and curvatures (including torsion). Therefore, the di-
rector triad {d;} is same as the triad {T, V, H}. The red, blue and
green vectors represents the directors dq, d, and ds, respectively.
The black curve shows the midcurve of the rod. Note that the
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directors are scaled up for clear representation. This deformation
assumes following parameters satisfying the boundary conditions,

¢p(61) = ( 51n%)<1,0551n35ﬂ§1)

L,
¢y(&) = 7 sin ==+ él
(51)—*51112751 011(51)=%: 0!2(51)—107T($1)
as(E) = = +a2(§1)

A4. The coefficients of the constitutive law

E 0 0
c=|0 ¢ ol
0 0 G
 EA; 0 0 0 EA, —EAs
0 GkA; O —GA, O 0
e_| O 0  GkdA; GAs 0 0
=| o0 —-GA, GAs GkAs, O 0
EA, 0 0 0 EAs —EA;
| -EA; 0 0 0 —EA; EAs

Note that here ks and k; are the standard shape factor for shear
and torsion and the geometric constants A; are given below.

1
A= | —dé&d
1 ./chlszsg

1
Ay = ./ s
1
As = ./ ey
As = ./ ﬁ(&% + £2)dEydEs
As =./|13c|$32d§2d§3
6=/ﬁ$22d§2d§3
| |
)= ./ ﬁ&fzdézd%

A5. Comments on the cross section rigidity assumption and the
validity of the theory

We made an assumption of a rigid cross-section in 2.1 and all
the results obtained incorporated this assumption. The absence of
Coriolis forces and the absence of Poisson’s effect in the consti-
tutive laws are direct consequences of this assumption, for exam-
ple. Therefore, it is beneficial to look into the limitations of the
results presented. Let us momentarily consider warping and Pois-
son’s effect. If we had these effects, the position vector of any point
in Eq. (3) would take the form

=@&1) + (& —ve&r)dy + (&3 — veds)ds + E(&;, &3)Kd;y.

Note that here, E(&,, £3) represents the warping function of the
problem obtained from St. Venant’s theory, and v is Poisson’s
ratio. To ignore warping, we must assume the section is circu-
lar (or “sufficiently” circular that warping is negligible) such that

E(&,, £3)— 0. Now we are left with Poisson’s effect. The expres-
sion for R* can be rearranged as

R* =R - Veszdz — V€§3d3.

Using R* to develop the kinematics of the Cosserat beam would
change the strain vector and the deformation gradient tensor. The
strain vector would then become

_Z(a“* @).

For slender structures, the lateral cross-sectional strain vector com-
ponents are negligible. Thus, it is acceptable to write (%—’g —-d;)~0
1

for i = 2, 3. The direct implication of this approximation is that the
strain vector reduces to that in Eq. (26) as

oR* oR
€ex ~—— —dy =

981 981
Thus, Bernoulli’s rigid cross-section assumption makes this theory
acceptable for slender structure where the total length of beam is
sufficiently long compared to the lateral dimensions of the beam,
and for the structure with cross-sectional shapes such that the ef-
fect of warping is negligible.

—d.
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