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This paper investigates the variational formulation and numerical solution of a higher-order, geometri-
cally exact Cosserat type beam with deforming cross-section, instigated from generalized kinematics pre-
sented in earlier works. The generalizations include the effects of a fully-coupled Poisson’s and warping
deformations in addition to other deformation modes from Simo-Reissner beam kinematics.

The kinematics at hand renders the deformation map to be a function of not only the configuration of
the beam but also elements of the tangent space of the beam’s configuration (axial strain vector, curva-
ture, warping amplitude, and their derivatives). While this complicates the process of deriving the bal-
ance laws and exploring the variational formulation of the beam, the completeness of the result makes
it worthwhile. The weak and strong form are derived for the dynamic case considering a general bound-
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We restrict ourselves to a linear small-strain elastic constitutive law and the static case for numerical

implementation. The finite element modeling of this beam has higher regularity requirements. The
matrix (discretized) form of the equation of motion is derived. Finally, numerical simulations comparing
various beam models are presented.
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1. Introduction

The development of the beam/rod theories idealized by a space
curve goes back to two and half centuries ago and was instrumen-
tal in accelerating the second industrial revolution (Euler and
Truesdell, 1960). Interestingly, further development of beam the-
ory continues to date. The advanced and versatile applications of
beam theory to numerous areas such as the deformation of bio-
polymers (Travers and Thompson, 2004; Manning et al., 1996), bio-
logical structures (Klapper, 1996), shape-sensing (Todd et al., 2013;
Chadha and Todd, 2016, 2017b,c), robotics, multi-body dynamics
(Lang et al., 2011), composite structures (Hodges, 2006), contact
problems (Meier et al., 2018), thermal problems (Green and
Naghdi, 1979; Altenbach et al., 2012), micro and nanostructures
used in MEMS and NEMS etc., necessitates further development
and refinement of this theory. We first perform a relevant litera-
ture review in the next few paragraphs.

Duhem (1893) and Darboux (1894) investigated a kinematic
idea that provided a sense of rotation to any material point, such
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that a point in the object not only has a position vector associated
with it but also has an attached triad that assigns a sense of rota-
tion to these material points. It was Cosserat and Cosserat (1909)
who conceived the idea of moving frames to capture geometrically
exact non-linear deformation of the beams (and shells) using
framed space curve. Ericksen and Truesdell Ericksen and
Truesdell (1957) generalized the Cosserat brother’s work to
develop a non-linear theory of rods and shells for finite strain.
Some of the prominent investigations and research on theory of
rods include (Hay, 1942; Cohen, 1966; Whitman and DeSilva,
1969; Green et al.,, 1974a,b; Antman, 1974; Antman and Jordan,
1975; Argyris, 1982; Argyris and Symeonidis, 1980a; Argyris and
Symeonidis, 1980b; Reissner, 1972, 1973; Simo, 1985). The devel-
opments in the beam theory in the last century are summarized in
Ericksen and Truesdell (1957), Yang et al. (2003) and Chadha and
Todd (2017a).

Among these seminal contributions, the work by Reissner was
the first major leap forward towards the geometrically-exact beam
theory, when he extended Kirchhoff-Love beam theory (Love,
2013) to also capture shear deformation in addition to bending
and torsion in 2D (Reissner, 1972) and 3D (Reissner, 1981). The
prominent work by Simo, 1985 extended Reissner’s beam to 3D
(with geometric-exactness preserved) in the setting of differential
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geometry (now called Simo-Reissner beam theory). Many papers
were published in the same time period concerning finite element
formulation of geometrically-exact beams, the primary contribu-
tors being: Simo et al. (Simo, 1985; Simo and Hughes, 1986;
Simo and Vu-Quoc, 1986, 1988); Iura et al. (lura and Atluri,
1988a,b); Cardona et al. (Cardona and Géradin, 1988); Ibrahimbe-
govic (Ibrahimbegovic, 1995). These papers considered linearly
elastic material and addressed both static and dynamic cases, but
they presented different approaches to time-stepping schemes
and updating rotation vector: Eulerian (Simo and Hughes, 1986;
Simo and Vu-Quoc, 1988), updated Lagrangian (Cardona and
Géradin, 1988), and total Lagrangian (Ibrahimbegovic, 1995; Iura
and Atluri, 1988b). Since these papers got published, research tack-
ling the theoretical and computational techniques gained momen-
tum and the advanced research in this field continues to occur till
date, for examples: problems related to discretization and interpo-
lation approaches (Zupan and Saje, 2003; Zupan and Zupan, 2018;
Crisfield and Jelenic, 1983; Borkovic et al., 2018; Chadha and Todd,
2019; Sander, 2010; Sonneville et al., 2014), mixed formulation (Li
et al., 2017), non-linear materials and constitutive law (Mata et al.,
2007, 2008; Arora et al., 2019; Pimenta et al., 2008), space and
time-integration schemes (Simo et al., 1995; Demoures et al.,
2014; Romero and Armero, 2002), initially curved configuration
(Kapania and Li, 2003; Chadha and Todd, 2017a), higher-order
Kirchhoff-love beam (Boyer et al., 2011; Meier et al., 2019; Greco
and Cuomo, 2013), and enhanced kinematics (Simo and Hughes,
1986; Sokolov et al., 2015; Yiu, 2005; Chadha and Todd, 2019).
Noteworthy contributions to computational formulation of
geometrically-exact beam including shear deformation and their
applications (e.g., multi-body dynamics of earth orbiting satellites)
was made by Vu-Quoc in collaboration with Simo (Vu-Quoc, 1986;
Vu-Quoc and Simo, 1987; Simo and Vu-Quoc, 1987). Simo and Vu-
Quoc (Simo and Vu-Quoc, 1991) extended their previous work
(Simo, 1985; Simo and Vu-Quoc, 1986) to incorporate warping
using a Saint-Venant warping function. McRobie and Lasenby
(1999) presented an alternative derivation of the Simo Vu-Quoc
beam by using Clifford or geometric algebra for both derivation
and numerical implementation. A very recent paper by Carrera
and Zozulya (2019) gives Carrera Unified Formulation (CUF) for
the micropolar beams.

Our recent work Chadha and Todd (2019) investigated and
refined the kinematics of Cosserat beams. This development incor-
porated a fully coupled Poisson’s and warping effect along with the
classical deformation effects like bending, torsion, shear, and axial
deformation for the case of finite displacement and strain; it thus
allowed us to capture a three dimensional, multi-axial strain fields
using single-manifold kinematics. Numerous works on shear based
deformation are founded on Timoshenko’'s beam theory that
assumes a uniform shear strain distribution restricting the cross-
section to remain planar. However, the kinematics developed in
Chadha and Todd (2019) also considers non-uniform shear defor-
mation due to bending-induced shear. For such beam kinematics,
we first focus our attention on performing a step-by-step analysis
of the balance laws and the variational formulation of the beam.
Unlike the traditional geometrically-exact beam theory where
the deformation map is a function of the differential invariants
(curvatures) of a framed curve, the work presented in Chadha
and Todd (2019) considers a deformation map that also depends
on the higher-order derivatives of the curvatures and mid-curve
strains due to the inclusion of a fully coupled Poisson’s and warping
effect. This makes the process of obtaining a variation of these
quantities challenging. We observe that the theory converges to
the one presented in Simo and Vu-Quoc (1991) if we ignore the
Poisson’s effect and bending induced non-uniform shear. To
numerically solve the system, we restrict this paper to static case
and utilize a multiaxial linear material constitutive law valid for

large deformation but limited to small strains, thus relating the
reduced forces to their corresponding finite strain counterpart (in
addition to the mid-curve axial strain, curvature, and warping
amplitude, we also have their derivatives). Linearization of the
weak form is detailed and is followed by matrix formulation of
the equation of motion. For simplicity, we assume displacement-
prescribed boundary conditions. We update the rotation tensor
in an Eulerian sense using an incremental current rotation vector.
We obtain and update curvature and its derivatives using the
results presented in another recent paper (Chadha and Todd,
2019a).

Section 2-5 details the kinematics and variational formulation,
whereas, the Sections 6-9 deals with the discussion of constitutive
law and numerical formulation. In Section 2, we summarize the
kinematics detailed in Chadha and Todd (2019). In Section 3, we
obtain the variation of quantities required for derivation of field
equations. In Sections 4 and 5, we derive the governing equations.
Section 6 discusses the multi-axial linearly elastic constitutive law
considering large deformation but small strain. Section 7 describes
the finite element formulation for static case, and Section 8 illus-
trates numerical examples. Finally, Section 9 concludes the paper.

2. Comprehensive kinematics and mathematical tools

We first present some preliminary definitions and notations:
the dot product, ordinary vector product, and tensor product of
two Euclidean vectors »; and w», are defined as v, v, =
v v,, v; x v, and v; ® v, respectively. The Euclidean norm is rep-
resented by ||.|| or the un-bolded version of the symbol (for exam-
ple, ||7|| = v). The n™ order partial derivative with respect to a
scalar, &; for instance, is given by the operator 621, with a; = 0.
A vector, a tensor or a matrix is represented by bold symbol and
their components are given by indexed un-bolded symbols. The
action of a tensor A onto the vector » is represented by
Av = A.v. The contraction between two tensors A and B is given

by A : B = A;B; = trace (BT.A). We note that the centered dot “.”

is meant for dot product between two vectors, whereas the action
of a tensor onto the vector, the matrix multiplication or product of
a scalar to a matrix (or a vector) is denoted by a lower dot “.”. Vec-
tors when expressed in array form are columnar in nature. Vertical
concatenation of n vectors (for example, of dimension 3 x 1)
v1,v,,...,0, is represented by the vector [vy;v,;...;w,] (of
dimension 3n x 1). The n dimensional Euclidean space is repre-
sented by R", with R' = R, with R* denoting the set of positive real
numbers (including 0). The diagonal matrix, for example, consist-
ing of the diagonal elements (a,b,c) is denoted by
diagonalfa, b, c]. Finally, 0s,I; represents 3 x 3 zero matrix and
the identity matrix respectively. The zero vector is defined as
0, = [0;0;0].

In this section, we shall briefly review the concepts and kine-
matics discussed in Chadha and Todd (2019) to establish continu-
ity in the write-up.

2.1. Deformation map and configuration of the beam

Let an open set Q, c R® and Q c R® with at least piecewise
smooth boundaries S, and & represent the undeformed and
deformed configuration of the beam respectively. The beam config-
uration is described by the mid-curve and a family of cross-
sections. To lay the kinematic description of a beam, we assume
the undeformed configuration Q, to be straight.

Let the fixed orthonormal reference basis be represented by {E;}
with origin at (0,0,0). The regular curve ¢, : [0,L]—R? represents
the mid-curve associated with Q. It is parameterized by the
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arc-length &; € [0,L]. We assume that the undeformed configura-
tion is made up of continuously varying plane family of cross-
sections By(¢&;), such that ¢, = & E; is the locus of geometric cen-
troid of the family of cross-sections By(¢;). The cross-section
By (&) is spanned by the vectors E, — E5 originating at ¢,(&;) such
that (&, &3) € Bo(&;). Let To(&;) represent the peripheral boundary
of Bo(¢p), such that Sp = By(0) UBo(L)Uy, I'o(¢1). Any material
point in the beam is defined by its material coordinate (¢, &, &3)
with a position vector Ry = ¢E;.

In order to proceed further, we first define the deformed config-
uration €, of the beam restrained by rigid cross-section constraint.
The configuration Q; is defined by a regular mid-curve ¢(&;) and a
family of plane cross-sections B;(¢&;), parameterized by the unde-
formed arc-length ¢&;. Equivalently, the mid-curve ¢(s(¢;)) and a
family of plane cross-sections B;(s(¢;)) are reparametrized by the
deformed arc-length s, such that &, = & (s) is at least C' continuous
and 9;¢; # 0. The director frame field {d;(¢,)} defines the orienta-
tion of the cross-section B;(s(¢;)). We have, Bi(&) =

{(62,53) eRrR? } where R? is 2D Euclidean space spanned by the

directors d,(¢;) — ds5(&;), with origin at ¢(&;). We define the defor-
mation map ¢, : Ry € Qo—R; € Qq, such that

$1(Ro) =Ry = (&) + 143 (1a)
r = &dy + &ds. (1b)

The deformed configuration Q, is defined by the mid-curve
®(¢;) and non-planar family of warped cross-section B,(&;) C R?],
where Rf;] is the 3D Euclidean space spanned by the director triad

{di(¢;)} originating at ¢(¢;). The deformation map
¢, : Ry € Qp—R; € Q, is then defined as

$:(Ro) = Ry = (&) + &da (&) + &Gd3(&) + W(G, &, &)di (&)
(2)
In the equation above, W(¢&y, &, &3) denotes the warping func-

tion. Simo and Vu-Quoc (1991) investigated Cosserat beam sub-
jected to Saint-Venant’s warping such that W(¢;, &, &) =

p(&)W (&, &), where p(&;) gives warping amplitude and W(¢&,, &3)
is the warping function obtained by solving the corresponding
Neumann boundary value problem defined by Eq. [13] of Simo
and Vu-Quoc (1991). Chadha and Todd (2019) proposed a modified
warping function that includes warping due to bending induced
shear and non-uniform torsion in asymmetric cross-section (refer
to Section 2.3, 2.4, and the appendix of Chadha and Todd (2019)).
It is discussed in Section 2.4.

The final deformed state Q defined by the mid-curve ¢ and a

family of cross-section B(¢;) = (W, &, 53) € R} . It incorporates a

fully coupled Poisson’s and warping effect. The deformation map
for Q is given by ¢ : Ry € Qo—R € Q, such that

#(Ro) =R=¢(&1) +1;

N N 3
r=CGdy (&) + &Gds(&) + Wdy (&), ®)

Here, the vector r gives the position vector of a material point (&, &3)
in the deformed cross-section B(¢;) with respect to the point ¢(¢&;).
Let I'(¢;) represent the boundary of cross-section B(¢;), such that

S = B(0) UB(L)Uy;, [(¢;). The coordinates (Ez,&) are obtained by

Poisson’s transformation P;, : (&;,¢3) € Bl|—><§2, 53) € Bs, such that

G=(1-v(i dy))g fori=2,3. (4)

In the equation above, v represents Poisson’s ratio and is
assumed to be a constant (homogeneous material). The quantity
#% is the first strain vector of the deformed configuration Q,
defined in Eq. (15). Therefore, 22 - d; essentially gives the longitudi-
nal strain along d, at the material point (¢;, &, &3) in the deformed
state . Fig. 1 illustrates various configurations described so far.

2.2. Rotation and finite strain parameters

2.2.1. Axial strain vector
The midcurve axial strain e(¢;), and the three shear angles
Y11(é1),5 — v12(&1), and Z—7y,(&;) subtended by the directors

| (W00 -~ g,
E,

——* Cross — section B3(&;) ’

¢ Cross — section B(E;) | *

(W.£,4;) € B < R,
(é2.63) € B3 C“R%
Pfﬁ(fz-ﬁ) =2 (‘fz’fs)

I

* Cross — section B, (&) *

(§2,¢3) €8, C RE,
d, W,$2,83) €B, ]Rfrl

T=d;9

arc length ,I‘

erorme

+ Cross — section B, (§;) P

¢ R, Space e

), configuration

Fig. 1. Schematic diagram illustrating geometric description of various deformed configurations.
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d;, d,, and d; with the tangent vector 9;¢ to the deformed mid-
curve ¢ are defined as

o dsde L dn _ 1
déy ds 14e?

5 d‘i{cosy”, fori=1 } (5)

P -Gi= siny,;, fori=2,3/

This leads us to the definition of axial strain vector ¢ as
&= 851(p — d] = E,‘d,‘ = gE;. (6)

As in the equation above, the components of a vector » in {E;}
and {d;} is denoted as v = v;E; = 7id;.

2.2.2. Finite rotation and curvature
The director triad {d;} is related to the fixed reference triad {E;}
by means of an orthogonal tensor Q € SO(3), such that

d=QE =Q=d xE,. (7)

Finite rotations are represented by an element of a proper orthogo-
nal rotation (Lie) group SO(3) with its Lie algebra so(3) (refer to
Chadha and Todd, 2019a). The rotation tensor can be parameterized
by a rotation vector 8 < R* by means of exponential map
exp : 50(3)—S0(3). The local homeomorphism of exp map in the
neighborhood of identity Is € SO(3) for 6 € [0, ), guarantees the
existence of a unique inverse of exponential map in the neighbor-
hood of I5 € SO(3), called the logarithm map log: SO(3)—so(3),
such that

Q(0) =exp (0) (8a)
log (Q(6)) = 1og(exp (9)) =0 e s0(3), with | log(Q(8))|| = 0.(8b)

From here on, any matrix quantity with a hat on it (:) represents an
anti-symmetric matrix. The equation above allows us to evaluates
the deviation between two rotation tensors, say the approximated
rotation tensor Q" and the exact rotation tensor Q, by measuring
the length of the geodesic between them, such that the error
Q..o is quantified as

Q= Q—error'Qh§ (9)
€q = H lOg (Qerror)“ € [O TC)'

For any abec so(3), we define the Lie-bracket as
[.,.] : s0(3) x s0(3)—R3, such that:
[d, B] - (d.i: - B.a). (10)

It is important to understand the derivative of director triad as
it defines local change of the triad. We have

9:,di = 9: QE =0.,QQ"d; = k.d. (11)

Here, Kk = OEIQ‘QT represents the curvature tensor. It is an anti-
symmetric matrix with the corresponding axial vector k = Kx;d,;,
known as curvature vector. We define T¢SO(3) as the tangent plane
of non-linear SO(3) manifold, such that 9;,Q = k.Q € ToSO(3). We
note that so(3) = T;,SO(3), i.e., the tangent space of SO(3) at the
identity. We define the material curvature K= QT kQ=
Q".0;,Q €50(3) obtained by parallel transport of k.Q from
ToSO(3)—s0(3). Let k and x represent the axial vector correspond-
ing to the anti-symmetric matrix & and [ respectively. It can then
be proven that ¥ = Q".x such that if ¥ = %d;, then ¥ = E;. Refer
to Section 2.2 of (Chadha and Todd, 2019a) for better understanding
of material and spatial curvature; and left-invariant and right-
invariant tangent vector fields. We call the quantities ¥ and % as
material representation; and k and k as spatial representation of

the curvature tensor and the curvature vector respectively. Like cur-
vature tensor, we can have material form of other quantities like
deformation gradient tensor, angular velocity etc. For instance,
the material form of axial strain vector and cross-section position
vectors (r; andr) isgiven by 2=Q e, =Q".r;, and7=Q'r
respectively. From here on, we recognize any material vector or ten-
sor with a bar (7) over it.

Finally, consider a spatial and material vector v = 7;d; = v;E;
and v = 7;E; respectively, such that » = Q.». The derivative of
these vectors are obtained as

050 = 0:, Vit + 0,.0;,d; = 9:, v + K x v (12)
851? = 851?,'.‘5,' = QT.égl .
In the equation above, §;, v defines co-rotational derivative of spa-
tial vector ». It essentially gives the change in components of the
vector v, provided the frame of reference is assumed to be fixed.
Along similar lines, the co-rotational derivative of the tensor A is
defined as 9;,A = Q.9;,A.Q", more detail of which can be found in
Section 2.2.4 of Chadha and Todd (2019a). From here on, 8,(.)
denotes the co-rotational derivative of quantity (.) with respect to x.

2.3. Deformation gradient tensor and strain vectors

The deformation gradient tensor F of the final deformed state Q
referenced to Q, can be defined (refer to Eq. (30) of Chadha and
Todd (2019)) as,

F=0:ReE = (4+d)®E = (4®E)+Q=H+Q. (13)

It consist of two parts: change in infinitesimal tangent vector by vir-
tue of rotation (change in direction) and straining (change in mag-
nitude). Readers are referred to Section 3 of Chadha and Todd
(2019) for detailed interpretation of strain vector 4;. The expression
of strain vector 4; is obtained in Eq. (35) of Chadha and Todd (2019).
The material form of strain vectors 4; and the deformation gradient
tensor F are given by the following

%=Q % =Q".9,R-E;
Fiii(@Ei +15 :ﬁ+’3 = QFIg = QF

(14a)
(14b)

The quantities H = 4; ® E; and H = ; ® E; gives spatial and material
form of strain tensor respectively.

2.4. Revisiting the deformation map ¢

The strain vector 42 is crucial in defining the Poisson’s transfor-
mation as seen in Eq. (4). We recall that the quantity 42 is the first
strain vector of the deformed configuration Q,, such that 47 - d;
essentially gives the longitudinal strain along d; at the material
point (¢, ¢&,,¢&3) in the deformed state Q,. We can obtain the
expression of A2 from the expression of 4; as
2=

-5 = (8 + 53~851 d; + 52'851 d + 851 w.d, + W.851 dl);
By = (&1 + &5 — &K + 0, W).
(15)

To maintain the single-manifold character of Cosserat beams, it
is necessary to pre-define the cross-sectional deformation depen-
dences upon the Poisson’s and warping effects. We briefly discuss
the warping function W. In Chadha and Todd (2019), we arrived at
the governing differential equation (Egs. (68a) and (68b) of Chadha
and Todd (2019)) for warping for an asymmetrical beam cross-
section subjected to the curvature and axial strains for the linear
case the solution of which yielded W in a variable separable form
as the following
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00
W(&,6.8) = Zagfﬁl-‘}'l(zn) + 3§?+]E2~\P2(2n+1)

n=0
+ 6??*%.‘1’3@,1“). (16)

Proposing this form of warping function was inspired by the work
of Brown and Burgoyne (Brown and Burgoyne, 1994; Burgoyne
and Brown, 1994). The cross-section dependent warping functions
in Eq. (16) (like W19, W12, ...; ¥21, ¥23,...) can be obtained by solv-
ing the set of governing differential equation discussed in appendix
6.1.4 of Chadha and Todd (2019). Higher-order derivatives of %;
take care of non-uniform torsion (unlike Saint Venant’s warping)
whereas higher-order derivatives of %; (j = 2,3) capture bending-
induced non-uniform shear deformation (unlike Timoshenko’s uni-
form shear). We assume that the contribution of higher-order
derivative (> 1) of curvatures to warping is negligible. Thus, to facil-
itate the computation of governing field equations, we consider a
simplified warping function for this paper

W(&,8,8) =p(&)Yi(&, &) + 0,10 W2 (&, &)
+ 0, K3.W3(&, &)
=p(E)W1(&, &) + 0 - Was. (17)

In the equation above, W3 = W,(&,&)E, 4+ Ws (&, E)Es  and
0:; K = 9, K; E;. For the sake of computation, the cross-section
dependent functions W(&, &), Wa(&r,E3), and Ws(&y, &)  are
assumed to be known. Therefore, all we require in this paper is to
know the warping functions beforehand. In this case, we have
obtained the warping functions by solving the governing differen-
tial equation derived in Chadha and Todd (2019) assuming that
the deformation due to warping is small with linear isotropic mate-
rial. However, it is possible to solve for the warping functions in the
non-linear setting as the structure deforms by numerically solving
for the warping function at every iteration (refer to Arora et al.,
2019).

2.5. Revisiting the material and spatial strain vector ;

In this Section, we elaborate the expressions of strain vectors 4;
and 7; in a desirable form. Using the definition of R in (3), and the
definition of the strain vector as i; = 9:;R—d;, we obtain the
expressions for material and spatial form of strain vector
expressed in matrix form as

L=Le€and £ =Le. (18)
where

L= [h;ldz];  L£=[h;h;);

€= [5:, 0, & K; 0, K; 07 K 02 K p; 0:,p; 02 |, (19)
such that

L=Q;.Land e =AE. (20)

Here, A = diagonal[Q7 Q: Qa Qv Q7 Q: ’3] and Q3 = diagonal[Q, Q7
Q] respectively. We carefully note that for any n,Q.Og‘lf:églx
(refer to Propositions 1 and 3 in Chadha and Todd (2019a) that also
defines the operator 5?1 ). Therefore,

€= g ;8 K; O K; 5?1 K; 521 K; D; O, D; 6ép . (21)

The matrices L can be expanded as

Th Tk T Th T Tiq I Tiq

LN N F A G R SN C G
- T  Th Th Th iy iy T  Th T
L= |l I, I I3, Ly, L, Ip IR, I3,

i Th Tk T Tia Tia Tis Th Tl
L Lé)_;ls Ly Laél" L(‘?ék LH;K Lp Lﬁflp L(’)g]p

(22)

The corresponding spatial form L consisting of the component
matrices L¥, with x € € is obtained as

L=Q,LA" (23)

We call the quantities L} (given in Appendix A.1) and L% the mate-
rial and spatial L-terms, respectively. The elaborate expression of
material and spatial L matrices is contained in the supplementary
material.

2.6. Configuration and the state space

Adapting the kinematics discussed above, we find that there are
three primary quantities required to defined the configuration

Q: ¢ c R QcSO(3) and p € R. For static case, the configuration,
tangent, and state space of the beam Q is given as

C:={®=(¢,Q,p):[0,[]—R>xS0(3) x R}; (24a)
ToC := {® = (0:,¢,0:,Q,9;,p) : [0,L]—R> x TeSO(3) x R}; (24b)
TC := {(®,®)|® € C,® € ToC}. (24c¢)

It is interesting to interpret the curvature vector x and the deriva-
tive of rotation vector 9,0 with a physical viewpoint. At an arc-
length ¢&;, the director triad {d;(¢;)} rotates about the vector
K(&).d¢; to yield the triad at {d;(¢; +d¢;)}. Whereas, the triad
{d;(¢;)} and {d;(¢; +d¢&;)} are obtained by finite rotation of the
frame {E;} about the rotation vector 6(¢) and
0(&; +dé&p) =0(&) + 0, 6(&).dé; respectively. , the material form
of axial strain vector and cross-section Fig. 2(left) illustrates the
idea discussed here. In terms of the exponential map,

Q(&; +dé;y) = exp(k(&r).dé).Q(&)
= exp(i(&).d¢). exp(6(&1)
= exp (é(él) + 3516(51)-‘151)- (25)

The equation above can be used to obtain the relationship
between k and 9.0 as shown in Eq. (7) of Chadha and Todd
(2019a). With slight abuse of notation, we can associate the tan-
gent space with curvature tensor field k(&) (instead of
d:,Q = k.Q). The isomorphism between so(3) and R* permits one
to identify the tensor field k(¢;) with its corresponding axial vector
K(¢) € R%. Thus, the state space is defined by the set
(@.{d;},p; 0;, @, K, 0 p). Redefining the tangent space described
in Eq. (24b) yields

ToC := {® = (9:, ¢, %,:,p) : [0,[]— R x R® x R}. (26)

For the dynamic case, we define the configuration space parameter-
ized with arc-length and time (&q,t) as,

C:={®=(¢,Q,p): [0,1] x R —R* x SO(3) x R}. 27)

However, it is important to look at the configuration of beam Q; at a
fixed time t € R* to study curvature vector k and consider a point
with constant arc-length to understand the evolution of director

field with time (given by angular velocity tensor & = 9,Q.Q").
Hence,

Q(& +dé&;,t) = exp(k(&q, t).dé).Q(¢Er, t);
Q& t+de) = exp(@(&y, £+ db).de).Q(Ey, b).

Fig. 3 illustrates the discussion on SO(3) manifold carried out so far.

(28)

Remark 1. We guide the readers on what is to come next by
detailing the structure of the following writing. Even though the
beam is a 3D structure, we model it as a 1D single-manifold
structure. As is clear from the configuration space of the beam in
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Fig. 2. Physical interpretation of curvature x (left figure) and variation of rotation vector da (right figure) resulting in infinitesimal rotation.
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Fig. 3. Geometric representation of SO(3) manifold, exponential map, tangent plane ToSO(3), curvature tensor K, and angular velocity tensor @.

Eq. (24a), this reduced 1D beam theory consist of 7 primary
degrees of freedom: 3 components of the position vector ¢
defining translation, 3 components of the rotation vector 0
parameterizing Q, and the warping amplitude p. Therefore, we
expect a single equation describing the weak form and a set of 7
governing differential equations as a strong form. Corresponding to
each of these degree of freedom, we have 7 strain terms: axial
strain &, k, and 9;, p that constitutes the tangent space T C. Unlike,
Simo Vu-Quoc beam (Simo and Hughes, 1986), the kinematics of
the beam in this paper depends on higher-order derivatives of
these strain terms, thus, making the derivation of the variation of
these terms challenging. Therefore, Section 3 is dedicated to
obtaining the variation of these terms so that they can be used to
obtain the weak form in Section 4. The strong form of governing
equation is then obtained from the weak form in Section 5. The
reduced internal forces and their respective strain conjugates are
related by linear constitutive law in Section 6. Finally, Section 7
derives the matrix form of the equation that may be numerically
solved.

3. Variation

To obtain the virtual work principle (a weak form of equilibrium
equation), we need to obtain admissible variation of the deformed
configuration. We also must linearize the weak form for numeri-
cally solving the system. This shall be covered in the second part
of this paper. However, since both variation and linearization are
geometrically similar procedures (that help us operate on the tan-
gent space T, C), we shall carefully describe the variation of defor-
mation map and associated strain quantities here.

3.1. Admissible variation of the deformed configuration Q

To obtain the virtual deformed configuration of the system, we
superimpose an admissible variation or admissible infinitesimal
(and instantaneous) displacement field é® = (5¢,3Q,dp) to the
configuration ® = (¢,Q(0),p). The varied configuration is then
defined by @, = (¢, Q.,p,.), such that for € > 0, we have
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. =@ +eop, and 69 = 0P | _o; (29a)
Q. = Q(0+€d8) = Q(edx).Q(0), and 6Q = 0cQ|._o; (29b)
P =D+ €dp, and op = dcP.|_o- (29c¢)

Unlike the variation in the mid-curve axial vector, and the warping
amplitude, understanding the variation in the rotation tensor needs
some detailed investigation. This is because ¢ ¢ ®R* and pe R
belong to linear vector spaces, where as SO(3) is a non-linear man-
ifold. It is advantageous to express the virtual rotation tensor by
means of virtual rotation vector in current state éa contrary to the
variation of total rotation vector §0. Hence, the varied director field
is then given by

d. =Q.E = Q(eda).d;. (30)
Refer to Fig. 2 (right image) for physical interpretation of the virtual
current rotation vector da. The rotation tensor Q, = Q(0 + €50)
transforms the vector E; to d;. in a single step, whereas, the tensor

Q. = Q(e/a).Q(0) performs the same transformation in two steps:

0 ) . . .
E; i d; Qi) d;.. From Eq. (29b), we arrive at the expression of vir-

tual rotation tensor and director field

0Q =0, (exp(éé&). exp (9)) leco = (5&. exp(edd). exp (6)) le_o = 04.Q(0);
(31a)

od; = 6Q E; = oa.d;. (31b)

Here, & represents the anti-symmetric matrix associated with the

vector a. We define the material form of incremental rotation &
(with é& being the associated axial vector) as

oo =Q .00 =Q".0Q; 5% = Q" .5a. (32)
It follows from the discussion above that 9:Q,dQ € T¢SO(3),
o® € ToC, 0% € 50(3) and (®,5®) € TC. Like the relationship
between x and ;0 defined in Eq. (7) of Chadha and Todd

(2019a), we can arrive at the relation between éa and 50. We rede-
fine 6® as,

oD = [6¢; oa; Ip]. (33)

Having understood the varied configuration space, the expressions
derived in this section can be directly used to obtain the variation
of other quantities using straightforward application of the chain
rule.

3.2. Variation of the strain quantities and their derivatives

In this section, we obtain the variation of finite strain quantities
in terms of (d¢, 6, dp) and their derivatives. The virtual material

strain vectors §4; are strain conjugate to material form of first PK
stress vectors (discussed later in Section 4.2). Deriving the expres-

sion of §; requires us to first find variation of L-terms and € as a
function of (d¢, éa, 6p) and their derivatives.

3.2.1. Variation of the finite strain terms
From the definition of axial strain vector & we obtain

08 = 60, — da.dy;
08 = 5<QT.8) =Q"(60:, @ + 0:, p.5x) = Q" 3¢

(34a)
(34b)

Similarly, the variation of spatial and material curvature tensor is
given by

ok = 5<ai1 Q.QT) =060:Q.Q" +0:,Q.0Q" = 50, &+ [6&,k]; (35a)

oK = 5(QT.851 Q) =6Q".0:,Q + Q".60:,Q = Q".9:,4.Q = Q" 5k.Q.

(35b)

The variation of the spatial and material curvature vectors are
obtained as

0K = 00,0 + O8LK;
oK = Q".00;,0 = Q" oK.

(36a)
(36b)
Like the co-rotated derivatives, o& = (30;, @ + 9:, p.50t), 0k = 30;,

and Kk = 09;,& defines the co-rotated variation of the curvature
vector, axial strain vector and curvature tensor, respectively.

3.2.2. Variation of the vector €

Since the derivative and variation can be used interchangeably,
we obtain 6., &, 697 K using Egs. (34b), and (36b). These results can
be used to express J€ in the following form

o€ = AT.B;.00 = AT je, (37)
where,
50 = [mp; 50:,@; 0%, @ da; 50,05 607, o 007 e 50 at; Op; 6., p; O, p}
5€ = [5@; 50, OR; 00, 607, K; 007 K: op; 00, p; 007, p};
de = [33; 00z, 8; OK; 00z, K; 5% K; 502 K; Op; 00:,p; 58?117]

(38)

The virtual vector 6@ can be related to é® by means of a differential
operator B, (of size 27 x 7), such that
00 = B,.60. (39)
The Eq. (37) can then be re-written as
— T s .
(26 =A .B] .Fz.O(D, (40)
0€ = B;.B,.6®.

The expanded description of the matrices B; and B, are given in
Appendices A.2.1 and A.2.2, respectively.

3.2.3. Variation of the strain vector 4; and the concatenated strain
vector £
From Eq. (18), we have

0L = SL.€ + L.0€. (41)

We realize that, except for 6Lf'g — 617, the variation in all other L-
terms are 03. Thus, we have

OLE = [oLy 7 01;0,] = [ K 0,0, (42)
From the expression of ¥ = Q".r = &E, + &E; + WE;, we can find
5T that can be substitutes in (42) to obtain:
0L.€ = M.J€, (43)
where,

M} 0; M} Mg{:l,‘ M} 0, M Mgilp 0
— <1
M=19 0, 0 0, o0, 0 o0 0 0

0 0, 0 0, 0 0 0, 0 O
(44)

Like L-terms, we call Mff) as M-terms. Appendix A.1 gives the
expression of M-terms. Similar to Eq. (23), we define the spatial
form of M matrix consisting of Mf’f’>, such that

M=Q,MA", (45)

The elaborate expression of material and spatial M matrices is con-
tained in the supplementary material. Substituting Eq. (43) into Eq.
(41), we get
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6L = [0d1;04p;003] = (L+ M).5€. (46)
We define the co-rotational variation of the concatenated strain
vector L as

o = [511; Sia; 5;.3] = Q3.0L = Q;.(L+ M).0€ = (L+M).de. (47)
The variation of deformation gradient tensor is obtained as

OF = 6F + 6Q.F = 6F + 5a.F;

OF = Q.(SF = Sli ® E;; (48)
SF = 51, ® E;.

3.3. Variation of displacement field

We need the variation of displacement field to evaluate the vir-
tual work done by external load. We define the displacement field
u(éy, &, &) as u = R — Ry. Since, 6Ry = 04, we have su = JR. Thus,
Eq. (3) yields

OR = o¢ + or; (49a)
or = or + dar; (49b)
or = 5%2(’2 + (3%3(’3 +owd,. (49C)

We can manipulate the expression of ér in Eq. (49¢) to a following
desirable form

or =L e+ Lj) 0%+ LY (Qods ) + L) (Qo0% )
& &

+0pLY ,+00:p LY =L de+ L) Sk+L (5551 x)
“1

52
r)c,1 p

oLy, (602 x) + op.Lj, , + 00, pLy (50)

4. Weak form of governing differential equation
4.1. General virtual work principle

We define the unsymmetric two-point first Piola Kirchoff stress
tensor P = P; ® E; referenced to the undeformed configuration Qo
such that the vector P; represents the associated stress-vectors.
We can write the integral or residual form of equilibrium equation
as

/ ou - (DiVP + ,Dob - poafR)dQO =0. (51)
Qo

Here, Div is divergence operator referenced to the configuration Q.
The quantities py (&1, &, &) = po and b(&q, &, &) = b give the mass
density field in the undeformed state and the body force per unit
mass respectively. Since F =I5 + Grad(u), we have 6F = Grad(ou).
Here, Grad is the gradient operator with respect to the configuration
Q. Using this result and divergence theorem on Eq. (51), we get the
general virtual work principle

G((D, 5(1)) = 5Ust1‘ain + 5Winertial - 5Wext = 01 (52)
where,
Ustrain = | P : 0FdQq = / trace (PT.aF) dQo; (53a)
Q o
5Winertial = Poéu . 8?Rd907 (53b)
Qo
W = / ou- (P.N)dS, + / ou - bdQy = SW, + oW, (53¢)
Sy Q

The virtual work due to external forces is contributed by surface
tractions (SWZ,.) and body forces (SWP ). In the equation above,

ext ext

N represents the normal vector to the surface S, of the beam.

4.2. Virtual strain energy

The expression of strain energy in Eq. (53a) can be further sim-
plified by using Eq. (48), such that

OUstrain = / P:6FdQy = [ P:5FdQy +
Qo

Q Q

P: (5 F)dQ,. (54)

We observe that P: (5&.F) = PF" : 6& = 0. This is because, PF" is
symmetric and & is an anti-symmetric matrix. We define the con-
catenated stress vector P = [P;; P,; Ps] and its material counterpart

P = [Py;P>; Ps], such that P = Q,.P. This further simplifies Eq. (54)
to the following

Ustrain = o, P+ 0FdQo = [, P;.04idQo = [o Pi.6%dQy;

R S 55)
(3Ustrain = fQU P- 5£dQO = fﬂo P- 5[:on‘
Using the results in Eqs. (46) and (47) we have,
L
OUstrain = / 0€ - ((L +M)T.'P>dQO = / 0€ - Ninedéy; (56a)
Q 0
o o . B
OUstrain = / 0€ - ((L + M) P) dQy = / 0€E - Nimdél. (56[))
Qo 0

We define the spatial and material reduced section force vectors
Nine(é1) and ﬁim(g’l) (refer to Appendix A.3.1) as

Nint = |:N£§N6§1£§NK§N0_:Ik%Nagln:,Nag]K;Np;N851p§Na?1p:|

- / (L+ M) PdB;
JB,

Nine = [ﬁs;ﬁoﬁa;ﬁx;ﬁoﬁx;ﬁggl,c;ﬁagl,c;ﬁp;ﬁaqp;Ngglp}
- / (L+ M) Pdy, (57)
By

Using Eq. (40), we arrive at the desired matrix form of virtual strain
energy expression

L
5Ustrain :/ 5(DTB§B71-NintdCV]- (58>
0

4.3. Virtual work done due to external and inertial forces
4.3.1. Virtual work done due to external forces

The virtual work due to external forces is contributed by surface
traction and body force. We first consider the surface traction term

. L
WS = / su- (P.N)dg, = / / ou - P1dB,
So 0 Bo(&y+déy)
- / su-PydBy + / su- (P.N)dL, |d¢, (59)
Bo(&1) To(¢1)

Recall the expression of du = d¢ + d&.r + or as discussed in Sec-
tion 3.3. We simplify the first two integrals to obtain boundary
terms. We note the following results
/ 5(pP1dBo—/ 5(p~p1dB():(951 (5(pB¢)dfl

By (¢1+d¢éq) Bo(&1)

/ (68.1) - PydBy — / (08.1) - PydBo = 9, (62 - By)d¢,
Bo(¢1+d¢q) Bo(&1)

/ sr.P]dBr/ 5r-PdBo = .,
JBo(&+déy) J By (&)

X (Ss “B; + 0K - B + (Q.00:, ) - By, x + <Q.56§1 R) ‘B
N €1
+0p.By + 60¢,p-By, )&y (60)
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Here, the quantities B, and B, represents the reduced end bound-
ary force terms, and are defined in appendix A.3.2. Therefore, the
virtual work due to end boundary terms associated with the trac-

tion SWg,|50)p 1S given by:

L . .
5WZ§¢|B (0)UB(L) :/ </ ou-PydB, — / ou 'P1d30> d¢
0 Bo(&+d&y) JBo(¢1)

— 00 B,y + 02 B, + 8- By + 51 By + (Q-00;, %) - By,

L
+(Qoe k) By o+ 0p.B, + 00, p.Bz,fl,,} K (61)

Note that B,, B, and B, represents the reduced section force,
moment and bi-shear as in Simo and Vu-Quoc (1991). We now con-
sider the virtual work due to surface traction on the peripheral

boundary Uy, I'g(&;), denoted by <>Wext\UV ro(e,)» Where

L
Wil ro) = /0 ( /F Hau-(P.N)dn,)d@
ols1

L
:/0 (5(p~Nf;+5a~N;t+58~fo+Sk~fo
+(Q60:,%) N+ (Q007 ¥) NG o+ 0PNy
+ 80, p.Nf{]p)dél. (62)

In the equation above, the quantities N?t) and Nfg represents the
reduced external force due to surface traction (represented by the
super script st), and are defined in appendix A.3.3. Similarly, the vir-
tual work due to body force field b is obtained as

SW?

L
- 7/ (5¢-N;+5a.N‘;+Ss.N§ +0K Ny + (Q00., ) -Np_
+(Qd% &) -Niy -+ 0p.Ny 400, PNy, )déy. (63)

The quantities N'(’_) and NE) represents the reduced external force
due to body force (represented by the super script b). Hence,

OWext = <5WS><t|uV To(&) )t 5Wext> + 6Wext‘B (0)UB(L)" (64)

Defining the (total) reduced external forces as N,
Ny =N+ NE’_), we have,

(5 xt|L,u7 Io(&q)

_ NSt b
=N{,+ N, and

L
WD) = / (5 Ny + 60Ny 452N,
+ oK - N+ (Q bd ) 0z,
+(Q302, ) -Nyz +0p.Ny +00:, PNy, )
(65)

To proceed further, we intend to obtain virtual work in terms of the
virtual quantities 6¢, da and Jp and their derivatives. Eqs. (61) and
(65) can be further condensed in matrix form as

WZ;JB (0)UB(L) [ (B3Nboundary)] [50 B3Nboundary}
[ (DTB B3Nboundary] ( stt‘uv To(&) —‘rOngt)

oL
- /0 00 - (BsN ex))dé) = /) 50" ByN exdiy

L
- / SO BB, e (66)
0
where,

Nboundary = |:sz§ B;;B,; BKQBi)§1k§Ba§1K§ Bp; Br’)glp:| 5
(67)
Next = |:N¢§N8§Naz?Nx;N(’)iln;Ng?lK?Np?N(’)i]p:| .

The vectors N poundary aNd N exe Tepresent concatenated end bound-
ary forces and reduced external forces respectively. Refer to Appendix
A.2.3 for the expression of matrix Bs.

4.3.2. Virtual work done due to inertial forces

Realize that the body force b and the acceleration 9?R is defined
over the volume Q. Therefore, like the expression of virtual work
contribution due to body force in Eq. (63), we can arrive at the
following

L
Winertial = / (5(/) “Fy+00-Fy+ 38 Fy + 5K -Fy+ (Q.00, %) -Fo,
0
+(Qo02, k) -Fp +0p.Fy +00, p.Fg_:lp) dé,. (68)
The equation above can be written in a matrix form as:
L
5Winertial :/O 5¢TB£B3Ninertialdél- (69)

The concatenated inertial force vector Niperiar With its components
defined in Appendix A.3.2 is

Ninertial = |:F¢§Fa§Fa§Fk§F051k§FaglK§Fp§F<')51p . (70)

4.4, Virtual work principle revisited

We restate the weak form of governing differential Eq. (52) for
the beam kinematics at hand by using the expression of virtual
strain energy in Eq. (58), virtual work due to external forces in
Eq. (64) and (66) and the virtual work contribution due to inertial
work obtained in Eq. (69) as

L
G((D7 5(1)) = / 6(DTB£ (BL/V'int + B3Ninertia1 - B3Next) dél
0
- 5Wz§<t‘B(O)UB(L) =0 (71)

5. Strong form of governing differential equation

We can obtain the strong form (governing differential equa-
tions) from the weak form using the equivalence principle. The
strong form essentially represents the local balance laws governing
the deformation of the beam. The analysis carried to obtain the
strong form can be summarized in two steps. Firstly, we transform
the weak form in Eq. (71) using integration by parts to obtain an
equation of the form

L
G(®, 60) — / (50 - €5+ 00 £4 1 0pEy)dE, + G =0, (72)
0
where
G = ()U:tlam + bwmemal éW;xt bW:;t'B(O)uB(L)‘ (73)

The terms 0U i, + Wi eria — Wy, are the boundary terms arising
as a result of carrying integration by part on the integral in Eq. (71).
Since the strong form equations are local in nature, the boundary
terms arising due to integration by part must be —SW2, | BBy Such
that no boundary term appears in the transformed equation of the
form

L
G(®,5®) = / (6@ - Ep + 00t - E4 + Sp.Ep)dEy = 0. (74)
0
It can be proved that G = 0. The proof is detailed in the supplemen-

tary material. This result should not come as a surprise because the
strong form describes local equilibrium of forces. The proof of
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G" = 0 also provides a check for correctness of the work discussed
so far. In Eq. 74, we have

£,=0:n+N, —F,; (75a)
£y =0:m+ ;o1 + Ny — Fy; (75b)
E, = 0: My — N, + N, — F,. (75¢)

In Eq. ((75c¢), N, represents the bi-shear. Here we define the reduced
cross-section force, moment vector, and the bi-moment as

= (M= 0N o) + (Fo = No)); (76a)
m— (M DNt BN - BN )

+ (FK —0:,Fy i« + 0% Fp )

(Mo BNt 2N ) (76b)
My = <<Ni><1p - ailNaflp) + (Fﬂclp - NO;IP)) (76¢)

Since G* = 0, the arbitrary nature of the virtual displacement field
o® leads us to conservation of linear and angular momentum and
the balance laws for bi-shear and bi-moment: &, = 0,&, =0,
and E, = 0, respectively. The strong form of equation described in
Eq. set (75) appears similar to the governing equations discussed
in Simo and Vu-Quoc (1991), except for the definition of reduced
section forces and bi-moment n,m and My. The fact that reduced
forces in Eq. (76), contains inertial and external force terms is dis-
tracting. However, the results obtained in the process of proving
G" =0, helps us to simplify n,m and My defined above to a desir-
able form independent of inertial and external force terms (see
the supplementary material for derivation).

n= [, (L) PdBy = [, PidBo;

m= [, (L) PidBo = [, 1 x PidB; (77)
My = [5, L. ,-P1dBo.

As expected, the expression of reduced section force, couple and bi-
moment is independent of any external and inertial force terms. The
reduced forces obtained above are identical to the respective quan-
tities discussed in Simo and Vu-Quoc (1991).

6. Constitutive law
6.1. Saint-Venant/Kirchhoff constitutive law for small strains

In this Section, we define the multi-axial linearly elastic consti-
tutive law considering large deformation but small strain. Recall,
the expression of material form of deformation gradient tensor in
Eq. (14b): F =I5 + H. The small strain assumption is imposed by
assuming ||H|| = O(¢) for a small parameter € >0 such that

O(e)

lim._, =~ = constant. Keeping this in mind, we can linearize the

material deformation gradient tensor about Is such that
— oF ) — )
F =1 +%\fzo.e+o(e ) =I5+ €eH+0(€). (78)

The spatial form can be obtained by linearizing F about Q, or simply
by left translation of F. as
F.=Q+eH+0(é). (79)

It is advantageous to postulate linear isotropic constitutive law
(Saint-Venant/Kirchhoff material) by relating the linear part of sec-

ond PK stress tensor S = S;E; ® E; with the linear part of the corre-
sponding strain conjugate: Lagrangian strain tensor (symmetric)
E = E;E; ® E;. This is because of the material nature of these quan-
tities. We have (refer to Marsden and Hughes, 1994)

S = 2GE + Jtrace(E). (80)

Here, G and 1 = (miﬁ are the Lamé’s constant. The quantities G
and E represents shear and Young’s modulus respectively. For small
strain, up to order O(€), it can be proved that: P=S and
E=1(H+H") =H° (see supplementary material for proof). This
brings us to the definition of constitutive relation in terms of P
and H°. Using Eq. (80), we have

P = 2GH® + /trace(H°). (81)

Using the constitutive law given by (81), we can express the mate-
rial form of stress vector P; in terms of material form of strain vec-
tors Z; as

- I_)] E11 E12 E13 z1 _
P = Fz = Ez] 622 EB Iz = CL (82)
I_)3 E31 E32 633 I3

The matrices Cy; are constant material matrix that is defined in
Appendix (137). In spatial form, the stress vectors can be related
to the spatial strain vectors as

P = C.L,where C = Q,.C.Q}. (83)

6.2. Reduced constitutive law

The goal is to obtain a linear relationship between the internal
force vector N, with the vector €. We ignore terms of the order
0(€?) in the expression of 4;. To start with, we make use of the
two following observations to redefine the internal force vector
for first order strain:

First, we realize that except for L%, all the other i(i_") are indepen-

dent of any strain measurements. Realizing P;—O0(€), we have
( Ifé-l_’1d30> = 6./ ].P,dB, + 0(€?). (84)
By € By

Therefore, from here on L} :ﬁ. Secondly, we note that the M-
matrix are of order O(e). Therefore,

/B M PydBy—O(c). (85)

Using Egs. (84) and (85), we redefine the material form of reduced
forces by ignoring higher-order terms as: Nine = fBO L PdB,, where
Lis defined in Eq. (22) with L2 = #T. Using Eq. (82) and the relation
given in Eq. (18) we get:

Nim = ETEZdBO =

By By

['.CLedB, - ( IT.E.ZdBO> -G

By

(86)

The elements of the matrix € can be obtained from Eq. (86) by sub-
stituting the expressions of L-Matrix and C defined in Appendices
A.1 and A.4. The symmetric matrix € relates the reduced force vec-
tors with the finite strains and their derivatives, the expanded form
of which is given in Appendix A.4. The spatial form can be written as

€ = A.CA". The elaborate expression of the matrices associated
with the constitutive law is detailed in the supplementary material.
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7. Linearization and numerical formulation for static case

In this Section, we consider the numerical formulation of the
beam discussed in this paper for static case assuming a linear elas-
tic small strain constitutive law discussed in Section 6. We assume
displacement prescribed boundary condition. For these assumed
conditions, the weak form obtained in Eq. (71) becomes

G((I), 5(1)) = 5Ustrain - 5Wext

oL oL
- / 50" BIBT A/ mede; — / SO BIBN oedéy — 0. (87)
Jo JOo

7.1. Consistent linearization

7.1.1. Linearization of weak form
The linearized part of the functional G(®, 6®) at the configura-

tion ®* in the direction of A®, such that ®, = ®* + eAd, is given
as

L[G(®, 5¢)}(¢£VM,) = G(®*,5®) + DG(®%, 5®).AD. (88)

In the equation above, DG(®*,5®).A® is the Frechet differential
defined by directional derivative formula as
dG(®, 0®)

T de o

In Eq. (88), the term G(®*,5®) is responsible for the unbalanced
forces, whereas the term DG(®*, 6®).A® (linear in A®) yields the

tangent stiffness matrix. For simplicity, we assume that ®* = ®
and define the linear increment in the weak form AG as

DG(®*,50).A® = (89)

DG (0%, 5®) AD = AG(®F, 5®) = AG(®, 5®)|y_q
= AG(®, 5®) = AdUsirain — AWexs. (90)

7.1.2. Linearization of virtual strain energy
The expression of virtual strain energy can be written using Eq.
(58) as

L L _
Ustrain = / SO'BIBI N dEy = / S0 BB AN i déy. (91)
0 0

Thus, the linearized virtual strain energy is obtained as

AdUstrain1 AdUstrain2

L . L —
AdUgirain = / S®"B)BI AAN 1 dE + / S®" BB AAN i dé,
0 0

AdUgtrain3

L —
+ / S®"B) AB] AN i d&; . (92)
0

Since the process of linearization is similar to the variation, using
Eq. (40), we get A€ = ATB;B,A®. Using the constitutive law given
in Eq. (86), we can obtain the linear increment in the material inter-
nal force vector

ANine = CA€ = CA'B; B, A®. (93)
Thus,
AdUsraint = DoUgrain (@, 0@).AD

L
= / d®'B) B CB,B,A®d¢, . (94)
0

Similarly, we have AQ = Aa.Q, using which, we get

AN = A&~NC;A&'N1')5I E;A&.J\/K;A&.N(r,ll W AAN 2 ARN 5 :0;0;0
2 Sl
=B,A® = B;B,A®. (95)

Appendix A.2.4 gives expression of the matrix B,. Thus,
L

AUsrainz = DOUgrainz (®, 6@).AD = / o®'B'B'B,B,A®d¢,.  (96)
0

To derive the expression of AdUg.in3, We use the expression of B¥ in
Eq. (123) and obtain
AB{Nin; = BsA® = BsB,A®. (97)

Appendix A.2.5 defines the matrix Bs. Therefore, we have
L
AdUgtrain3 = DOUgtrain3 (@, 0@).AD = / 6(DTB§BSBZA(Dd§“1. (98)
0

Finally, if B = Bs + B! .B,, we define

A5Ustrain23 = A(3Ustrain2 + A5Ustrain3 = DéUstrainB (([)7 ‘S(D)-A(D
L
_ / 5®"B!BsB, ADAC, . (99)
0

The term AdU.in1 leads to the symmetric material stiffness matrix
whereas, the term AdUgy,inzs Vields geometric stiffness matrix (not
necessarily symmetric).

7.1.3. Linearization of virtual external work done
From the expression of virtual external work, we have

AdWexi1 AdWexio

L L
AWy = / OB BIAB3 N ey + / OO BIB3AN odéy.  (100)
0 0

The term AdWey arises due to geometric dependence of AdWey;
whereas the term AdWey, is due to non-conservative nature of
the external forces. We can represent ABsN e and BsAN o in a
more desirable form,

ABsN ey = B;A® = B;B,A®;

101
B;AN s = BsA® = BB, A®. (101)

Appendix A.2.6 gives the matrix B;. The matrix Bs depends on the
characteristic of external loading (for example: follower load, pres-
sure load, etc) and is determined on a case by case basis. The sup-
plementary material contains a discussion on handling the point
load and it details the Bs matrix for such loading.

7.2. Discretization and Galerkin form of equilibrium equation

We discretize the domain using N, elements. Any element e
consist of N., number of nodes and has length L, = &, — &, where,
&, and &, are the arc-length of the first and last node of the ele-
ment e, such that &, > &, and & € [, &],]. We approximate
the admissible incremental displacement field A® by a finite
dimensional subspace that is subset of the variationally admissible
tangent space. The incremental displacement field (A¢®, Aa¢, Ap®)
restricted to element e can then be interpolated by means of shape
functions as

Nen Ne Nen

Ap =S NiAgs; Axt =S Nidag; Ap = NiAp.

I=1 1=1 I=1

(102)

Here, A@f, Ao and Ap§ represents the nodal incremental displace-
ment, vortivity and warping amplitude at node I of element e
respectively; N, is the shape-function associated with I'" node.
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7.2.1. Unbalanced force vector
We first obtain the nodal internal load vector f . The approxi-

mated virtual strain energy can be written as
fe

intl

[B%TBET./\/'fmd£1> = ZZ&(D?T e

e=1I=1
(103)

The matrix B;, defined in Appendix A.2.7, consists of the shape-
functions and its derivatives. The superscript e on any quantity rep-
resents the restriction of that quantity on element e.

In order to define incremental load steps necessary for numer-
ical formulation, we first define the load coefficient x € [0, 1] with

5 Ne" ie
5U2tram = ZZO(DJ (/E !

e=1I= “1a

N ext(X) = XN exro, such that
L
5Wext(x) = X(SWextO =X / 5(DTB£B3NextOd§1- (104)
Jo
The approximated virtual external work is obtained as
Setor
N Ne Nen o fi T e Ne Nen o
5Wext0 - ZZ()(D /B Bl B3Next0d€1 ZZ()(D extOI
e—1 I-1 e=11=1
h C NCH T
5Wext ZZ(S(I)E ext] ; where fextl( ) - ngxtOI'
e=11-1
(105)

Refer to Appendices A.3.4 and A.3.5 for the expression of internal
and external force vectors: f¢, and f¢(x). The unbalanced force
vector associated with element e at node I is defined as

Fi((l)e7 ) ((De ) 1ntl(q)e) (106)

extl

7.2.2. Element tangent stiffness
The approximated form of linearized virtual strain energy
obtained in Section 7.1.2 is given by:

e e
Koy Kgl]

N, Ney Ney & &,
s, = 3 3 o0 | [ et enp, i+ [ elBe, 0 |aw,

e=1 I=1 J=1 Ela Ela

e
Ko

(107)

Here, the element tangential stiffness matrix corresponding to
internal loads Kf,, = K, + Kg, consist of a symmetric material
part K7, and a geometric part K¢ (not necessarily symmetric). Sim-
ilarly, the contribution to stiffness matrix due to external loads can
be obtained by using results in Section 7.1.3, such that the approx-
imated linearized virtual work is obtained as

(108)

Ko Kears
—_——
Ne Ny
=1

. Nex & &
— swh el ' 3 £ v " pe ©
ASWE (2) = 2ASWE = DN 50 / B] BB, dg,+/ B] B{B, d¢, | AD,
=| Sl Sl

=1 1=1 021

Kewrs
Here, the element tangential stiffness matrix corresponding to
internal loads K¢, = K¢y + KGypp; consist of two parts: the matrix
K¢,y gives contribution due to dependence of external work on the
configuration of the system, assuming the force vectors are conser-
vative; whereas, the matrix K¢, is due to non-conservative nature

of the external forces. The element stiffness matrix is given as
Kjj(@°, %) = Ki ) (®°) — Ky (°, )
= I(fn,](tbe) + I(g,]( °) — Kim,](tbe, X) — I(imu(d)e,x).

(109)

7.2.3. Matrix form of linearized equation of motion and iterative
solution

The unbalanced force vector and the element tangent stiffness
can be assembled using assembly operator A such that the global
stiffness and global unbalanced force is obtained as

K = A (K);
F((D,X) = A(Fle) = XA (fgxtol(d)e)) -

A (ffntl(d)e)) = Xf exto (P) — fine (D).

(110)

We use standard Newton Raphson’s iterative procedure. We
divide the external loading into n load steps. Let ®, represents
the discretized form of degrees of freedom vector at load step n,
such that A®, = ®,,; — ®,. At equilibrium state corresponding to
load step n (converged state), the unbalanced force vanishes, i.e.,
F(®,,x,) = 0. Provided the n™ load step has converged, we aim
to find A®,, such that F(®,.1,X,1) = 0. At i
earize the equation F(®,,1,X,,1) = 0 about F(®,
o =@, + A and x| = x, as

n+1 =
E| . i+1
O (¥ %) "

iteration we can lin-
), such that

n+1> Xn+]
F(® ] xni1) = F(®;,%,) +

oF
ox (@))€

We define the global tangent stiffness matrix (obtained in (110))
and obtain the following results from Eq. (110),

F(®],,1,%) = Xaf exto (®)y1) = Fine (@)1

+ Xni1 — Xq) = 0. (111)

i OF (@1 Xn,
K(®},,.x ):—%ﬂ‘)l(% W) (112)
OF (@ 1. Xn .
feXtO( n+1) ( 0xn1+] 1) ‘((D;'H»]‘x”).

Substituting the results obtained above into the Eq. (111), we get

I(( n+1 7xn> -A(DL+1 = Xn+lfext0 ((l)i'H,]) _fint ((D;H) = F((D;H -,Xn+1)~
(113)

7.3. Updating the axial strain vector, curvature vector and their
derivatives

7.3.1. Updating configuration

Solving Eq. (113), yields an incremental change in configuration
space due to deformation, say A® = {A¢, Aa, Ap}. The derivatives
of these increments can be obtained by using the approximation
in Eq. (102) such that 97 A®°(&]) = a7 Ni(&9). A, 97 Ao (&) =
O Ni(&7).Aaf and 07 Ap®(&7) = 0% Ni(&5).Apf. Let the initial and fi-
nal configuration be given as ®; = {¢,,Q;,p;} and & = {¢,Q;,
pr}, such that

O =@, +Ap; I @ =0 @ + I Ag; (114a)
pr=pi+Ap; 9% pe=9:pi+ 9 Ap; (114b)
Q; = exp(A%).Q; = Q,.Q; where, Q, = exp(Aa). (114c¢)

From the expressions of B; withie {1,3,4,5,6} in appendix
A.2, the following quantities other than the configuration space
itself need to be updated: 0:, ¢, 97 @, k, 9;,k, and 7 k and the
finite strain quantities constituting €. Once we update €, we can
obtain the material (and then spatial) form of internal force vector,
eventually getting the updates B; with i € {4,5,6}.

Remark 2. We note that in Eq. (114c), we use multiplicative
updating rule for the rotation tensor. The incremental rotation
Q. =exp(Aa) becomes singular when |Aa| =2nm for n=1,
2,3,.... Refer to Ibrahimbegovic et al. (1995) for a rescaling
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(a) Warping function ¥,

(b) Warping function ¥,

02 7 £ 02
(c) Error ¥, — ¥,

Fig. 4. Saint Venant’s warping function for a square cross-section.

remedy to avoid this singularity. In this paper, we make sure that
our load step size is small enough such that the singularity does
not arise.

7.3.2. Updating axial strain, curvature and its derivatives

Readers are recommended to refer to Chadha and Todd (2019a,
b) (particularly the appendix) that details method for obtaining
and updating the higher order derivatives of curvature. So far, we
have obtained all the elements constituting € except for € and
9:, €. These can be obtained using the definition of axial strain vec-
tor in Eq. (6), such that:

€=Q".0,¢ —E;

0:8=Q". (% ¢ - k0,0) = Q" (9:0,0).
Using the results in Proposition 3, presented in Chadha and Todd
(2019a), we get 9;,& = Q".9;,& From Eq. (115b), 9;,& = 9;, (9, @).

Using Proposition 1 (that also defines the operator d;, used below)
presented in Chadha and Todd (2019a), we have the following

- - N
ag1s = 8?1 (8~1(p) = (ail - 851) (051 (P).

PE=Q .0 (0,0) = Q" (Z(*l)w (i!(nni i)1>‘9'§1 3?”) de, . (116D)

i=0

(115a)
(115b)

(116a)

The following section presents few numerical example concerning
the formulation described so far.

8. Numerical examples

We consider three numerical examples based on the formula-
tion described in this chapter using the constitutive model defined
in Section 6. The set of problems chosen emphasizes on a large 3D
deformation of beam/framed structure.

We consider the tolerance of 10~ in the Euclidean norm of
force residue ||P(®)| = [|Xfexto(®) — finc(®)|| as @ measure of con-
vergence. The numerical results, including the deformation map
and finite strains, obtained by the current formulation (referred
to as Chadha-Todd (CT) beam) are compared with the Simo-
Reissener beam model (SR) described in Simo (1985), Simo Vu-
Quoc beam model (SV) discussed in Simo and Vu-Quoc (1991),
and Crisfield co-rotational formulation detailed in Crisfield
(1990). As per the description of deformed configuration in Fig. 1,
the SR beam is defined by the configuration Q;; the SV beam is
defined by a special case of configuration Q, that considers non-
uniform St. Venant warping but ignores bending induced shear
contribution to warping; the CT beam is described by the state Q,
and the CF beam is a special case of SR (defined by Q,) that ignores
the shear deformation. We also note that SV and CT beam becomes
identical if we ignore Poisson’s deformation and warping due to

bending induced shear; SR and CF beam formulation becomes
identical if shear deformation is ignored; all the four beams are
the same if the structure is infinitely slender.

In the following simulations, we consider rectangular cross-
section with the edge dimensions b x d, such thatd > b. The warp-
ing function W, pertaining to the torsion can be obtained using the
St. Venant’s Neumann boundary value problem. There exists a
closed-form solution of this differential equation for rectangular
cross-section (refer to Sokolnikoff (1956)) given by

©ey oz e 8d N\ (CD)sin (k) sinh (kels)
Wi(&2,83) = &és nag @ni1)? cosh (kab) (117)

kn =0T for n=0,1,2,....

Fig. 4a illustrates the warping function ¥y, for a square cross-
section with the edge dimension 0.5 units obtained by solving
the concerned Neumann boundary value problem. Similarly,
Fig. 4b represents the warping function ¥;, obtained using Eq.
(117) considering 0 < n < 3. We observe from Fig. 4c that Eq.
(117) with 0 < n < 3 gives an excellent estimate of the warping
function ;.

The bending induced shear warping functions are obtained in
the Appendices A1.5 and A1.6 of Chadha and Todd (2019). We con-
sider the warping functions defined in Eq. (85) of Chadha and Todd
(2019) as ¥, and Ws. This warping function includes the non-linear
shear induced warping and it ignores the uniform shear deforma-
tion of the cross-section as it is taken care of by the director triad.
Therefore, we have

__E(8) y _ E(G
%‘%(? P =3 )

8.1. A discussion on convergence

(118)

The weak form requires obtaining updated curvature field 9. k
(see components of B matrix in Eq. (123)) and A&; k (see Eqs. (38)
and (40)) at each iteration, such that r=0,1,2 and s =0,1,2,3.
This demands C* continuity in Aa as obtaining AJ K requires up
to (r+ 1) derivatives of Aa. Secondly, the weak form has up to
the second-order derivative of the position vector, and the warping
amplitude requiring a C' continuity in Ag and Ap. Maintaining a
global C* continuity in the incremental rotation angle will impose
8 continuity conditions at element boundary that can be fulfilled
by a seventh-order polynomial (e.g.: eight, seventh-order Hermite
polynomials obtained by imposing Kronecker-delta properties at
the element junction; or considering seventh-order Lagrangian-
polynomials on an eight-noded element). We denote k as the order
of the approximating polynomial used, and m is the highest order
of derivative in the weak form, which for our case is m=4. A
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fourth-order Lagrangian polynomial k = 4 satisfies the minimum
requirement for the weak form to be square-integrable, and a
seventh-order polynomial k = 7 is required for the continuity at
the element boundary. Although k = 4 violates continuity require-
ments, it yields a converging solution (since k + 1 > m) satisfying
the compatibility requirement and yields a continuous curvature
and mid-curve axial-strain vector at the element junctions (despite
committing a variational crime). In this case, care must be taken to
avoid using quadrature rules that require element end nodes (like,
Gauss-Lobatto). We use a full Newton-Raphson iterative solution
procedure with uniformly reduced Gauss-Legendre quadrature to
avoid shear locking.

The rate of convergence S in s Sobolev norm H°, with
0 > s > m and H° = L,, using Aubin-Nitsche’s (refer to Chapter 4
of Hughes (2012)) criterion is given by B=mink+1—s,
2(k+ 1 —m)). With these criteria, all seven degrees of freedom
exhibit a positive rate of convergence for both fourth and seventh
order polynomial. For instance, the convergence rate in L,-norm of
rotational degree of freedom is f =2 for k =4,and g =8 fork = 7.
Therefore, the seventh-order shape function not only enforces con-
tinuity requirements at the element boundary, but it also increases
the rate of convergence. On the other hand, the numerical solution
with a seventh-order shape function is computationally expensive
as compared to a fourth-order polynomial (see Fig. 6), and might
lead to oscillatoric strain response at the Gauss-points depending
on the shape functions used (see Fig. 10).

From Eq. (114), we note that the rotation quantified by a non-
linear quantity Q € SO(3) is updated by the multiplicative rule that
utilizes the current incremental rotation vector Aa. Unlike Aa, it is
meaningless to define the quantity «, because the rotation is
parameterized by the vector 0, not a. Therefore, the traditional def-
inition of the L, norm does not exist for the current incremental
rotation vector Aa. It is a stand-alone quantity and is not defined
as a vector difference between two vectors, or Aa # a; — o; as the
vector a is undefined. However, we could have adapted a total
Lagrangian updating scheme (as in Ibrahimbegovi¢, 1995) and
used A0 instead of Aa that would allow updating the rotation vec-
tor using additive rule, or 6; = 6; + A0, and Q; = exp(6¢). The tradi-
tional definition of L,-norm would then be valid for the rotation
vector 6.

8.2. Numerical Example 1: Cantilever beam subjected to conservative
concentrated end load

For simulation 1, we consider a cantilever beam with a uniform
square cross-section with edge length 0.5 units subjected to the
conservative concentrated load N, =[18;5;5] wunits and
N, = [120;500;200] units at end node. The beam has the material
and geometric properties as: E =150 x 10° units, L = 10 units,
G =62.5 x 10% units and v =0.2. The Vlasov warping constant
for this case is significantly small: €gg = 0.796. We report the
displacement at the end node obtained using CT-beam for 100 ele-
ments as: @(L) = (1.3030,1.6435, 0.4488) units,p(L) =
0.2591 units, and 6(L) = || log(Q(L))|| = 1.2093 units.

The results discussed in the remaining part of this section is
obtained by considering 15 elements, seventh-order Lagrangian
polynomial and 30 load steps (implying Xn.1 — X, = 35). Tables 1
and 2, gives the norm of force residue for the selective load step.
The convergence rates of the Newton method are observed.

Fig. 5 represents the mid-curve and director triad field of the
considered beam for selective load steps respectively. The plot
compares the undeformed state Q, and the deformed state
obtained using SR, SV, CT, and CF beam models. Fig. 6a demon-
strates the convergence of the degrees of freedom for fourth (blue

Table 1
Numerical Example 1: Force residue for the load steps (5, 10, 20, 30) obtained using
the CT beam.

Iter. Force residual norm

Load step 5 Load step 10 Load step 20 Load step 30
0 1.840 x 10’ 1.840 x 10" 1.840 x 10’ 1.840 x 10’
1 6.336 x 10° 6.0931 x 10° 1.781 x 10° 6.750 x 10?
2 1.996 x 10° 2.210 x 10° 1.079 x 10" 1.547 x 10°
3 2.599 x 1072 1.081 x 107! 3.987 x 10° 2222 x107"
4 1.309 x 107° 6.785 x 107> 1.022 x 1073 2489 x 107°
5 3.068 x 1077 3.128 x 1077 1.099 x 107° 3.066 x 1077
6 - - 3.088 x 10~/ -

color) and seventh (red color) order Lagrangian shape function.
Fig. 6b illustrates the run time of FEM code considering fourth
(blue color) and seventh (red color) order Lagrangian shape func-
tion. The finite element code can further be optimized, therefore,
the relevant quantity to look for in Fig. 6b is the ratio of the run
time. The formulation with k = 7 is around 4.6 times computation-
ally more expensive than k = 4. The quantities e, and eq (defined
in Eq. (9)) represent the error in the mid-curve position vector
and the rotation tensor of SR and SV beam relative to the CT beam
for four different load steps are plotted in the Figs. 7 and 8.
There is significant difference in the position vector of the mid-
curve obtained using CT beam model relative to SR, CF, and SV
beams. This is primarily because the bending stiffness for CT beam
is greater than the bending section modulus for SR, SV, and CF

beam by a factor of f = (Ztﬁﬁ:?:ﬁ‘dei\v) (5‘—‘)) > 1, such that

©33,, = fEL,,, where the subscript xx is either 22 or 33 (refer to
Fig. 9c¢). Secondly, CT beam is flexible in torsion relative to the
other beam models. We also observe that the error e,, increases
with the arc-length &;, or equivalently 9;, e, > 0. This phenomenon
is very similar to the problem of dead-reckoning (also called a con-
ing effect) in path-estimation.

In Fig. 10a, we observe that CT and SV predicts almost the same
warping amplitude p. This is because the parameters €;g, €9, Cgo,
€q9, €gg, €g7 are small for the considered cross-section. We observe
oscillations in the warping amplitude p (a possible reason is dis-
cussed in next section). The beam is subjected to conservative tor-
sional moment, leading to constant warping amplitude away from
the boundary. Since the aforementioned material constants €; are
negligible and the cross-section is symmetric (shear center and the
centroid of the cross-section coincides), the warping amplitude
p(&;) converges with the torsional curvature field #;(&;) as
depicted in Fig. 10b. Fig. 11 shows the curvatures (left column)
and axial strain components (right column) for load steps
(5, 10, 20, 30) obtained using Simo-Reissener (SR), Simo Vu-Quoc
(SV) and Chadha-Todd (CT) beam models.

8.3. Numerical Example 2: Cantilever beam subjected to pure torsion
and elongation

We consider a beam with the same geometry and material
property as Example 1 discussed in Section 8.2, except for the
changes in cross-sectional dimensions. For current example, we
consider a rectangular cross-section with the dimensions b = 0.5
units and d = 4b = 2 = £ units. The Vlasov constant for the consid-

ered cross-section is €gg = 1261.65. The beam is subjected to a tor-
sion of 10,000 units and an axial pull of 10000 units at the free end.
This structure can not be considered as a slender beam because the
depth of the cross-section is 20% of its length. The goal of this
example is to demonstrate the performance of the CT beam relative
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Fig. 6. Numerical Example 1: Convergence and computational time plot. The red and blue represents the results for the 7th and the 4th order shape-function.
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Fig. 7. Numerical Example 1: Error in the Simo-Reissener beam relative to the Chadha-Todd beam.
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Fig. 8. Numerical Example 1: Error in the Simo Vu-Quoc beam relative to the Chadha-Todd beam.
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Fig. 9. Factor f as a function of Poisson’s ratio for a square cross-section.

to SV, SR, and CF beam when Poisson’s and warping effects are
dominant. We expect a significant deviation of CT and SV beam rel-
ative to the SR and CF beam. We consider 30 load steps, 15 ele-
ments, and fourth-order Lagrangian polynomial.

Fig. 12 represents the deformed state for SR (and CF), SV and CT
beam models. We observe a few expected results. The error in e, is
negligible for SR (Fig. 13a) and SV (Fig. 14a) beams. This is because

0.25—
I‘ "
0.2
i --SV:Step 5
b CT: Step 5
__ 015§ 1 == SV:Step 10
i CT: Step 10
i SV: Step 20
B e i s CT: Step 20
i -- SV: Step 30
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.05 bttt e s i
I'
{
0
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&1
(a) p for CT and SV beam

the mid-cure of the beam is effected by pure elongation. However,
as observed in Figs. 12 and 13b, there is a significant error in rota-
tion triad obtained for SR and CF beam relative to CT beam (or even
SV beam). We can infer from Fig. 12a that the deviation of the
director triad in the SR beam relative to the CT beam (obtained
at the Gauss points) increases linearly along the length of the
beam. However, at first glimpse, the triangular shape of the error
plot eq (Fig. 13b) depicts a linear increase followed by a decrease
in the error. This observation is misleading and contradicting to
our previous inference. The wave nature of error plot eq is due to
the local homeomorphism of exponential map discussed in Sec-
tion 3.2.2 of Chadha and Todd (2019). In fact, the error plot 13b
does show continuous increase of error since eq € [0, 7).

We attribute large error in the deformation map predicted by
SR beam to the fact that the considered structure can no longer
be considered slender and the deformation is significantly effected
by fully coupled Poisson’s and warping effect. The inclusion of all
deformation effects in the CT beam makes it more flexible (or less
stiff).

Fig. 15 shows the first component of the axial strain vector &;
and the mid-curve axial strain e. Since the beam is not subjected
to bending and shear, & =6 =0,k =K3=0, and & =e. As
expected, we observe that all four beams have excellent agreement
on the mid-curve deformation and the axial strains.
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Fig. 10. Numerical Example 1: Torsional curvature and warping amplitude.
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Fig. 11. Numerical Example 1: Components of the material curvature vector (left column) and the axial strain vector (right column).

Fig. 16a illustrates the torsional curvature field obtained using
SR, CF, SV, and CT beam models; and Fig. 16b illustrates the warp-
ing amplitude obtained using SV and CT for the load steps in the
multiple of five. We make the following observations. Firstly, we
observe a significant underestimation of the torsional curvature
obtained by the SR or CF beam. This is because the beam is no
longer slender. The CT and SV beams are more flexible in torsion

relative to SR and CF beam. In case of uniform torsion, we have
p =x;. If T represents torsion at the end node (here, T = 10000
units), the torsional curvature converges to a constant value for
CT and SV beam as %; (L) I = 2.306 (note that €57, < 0),

- 33,4837,
whereas, the curvature for SR and CF beam can be obtained as
Ki(L) = KL = 0.456.

= =
3311
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(a) Deformed state for SR and CF beam

(b) Deformed state for SV beam

(c) Deformed state for CT beam

Fig. 12. Numerical Example 2: Deformed state.
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Fig. 14. Numerical Example 2: Error in the Simo Vu-Quoc beam relative to the Chadha-Todd beam.

Secondly, for the given loading, we anticipate a constant torsion
field (as in SR beam), but the torsional curvature transitions from
zero to constant value in SV and CT beam. Similar is the case with
the warping amplitude. We also know that for uniform torsion, the
warping amplitude equals the torsional curvature, as observed in
Fig. 17. The fixed boundary on the left end implies p(0) = 0. Seem-
ingly, the warping amplitude guides the value of torsional curva-
ture leading to an anomaly in the value of curvature near the

boundary. Thirdly, we observe oscillations in the torsional curva-
ture and warping amplitude in plot 16. We suspect that the oscil-
lation in the warping amplitude is because of the dependence of
the bi-shear on 8?1 p. Since the quantity 8?1 p is highly oscillatory
at Gauss points it leads to oscillations in the warping amplitude.
As noted before, in the case of uniform torsion, the torsional curva-
ture is guided by the warping amplitude. Therefore, we observe the
same oscillations in % (&;).
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Fig. 15. Numerical Example 2: Axial strains.
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Fig. 16. Numerical Example 2: Torsional curvature and warping amplitude.
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Fig. 17. Numerical Example 2: Warping amplitude and torsional curvature for CT

beam.

8.4. Numerical Example 3: 3D frame subjected to concentrated
conservative loads at multiple nodes

We consider a structure with the geometry depicted in Fig. 18
subjected to two different cases of loading and cross-section. The

Table 2
Numerical Example 3: Position vector ¢ = ¢,E; for different beam models at node A

and B.

Node A Node B

4 P P3 4 P2 %]
—5.483 10.460 7.705 11.190 8.463

Case1 CT 14.150

SV 14380 —-5.484 9.893  10.410 9.330 8.397
SR 13930 -4.768 11.660 14.210 7.144  12.750
CF 13960 -4.761 11.650  14.090 7.247  12.640

Case2 CT 15.780 4.388 4.792 6364 11.010 9.937
SV 15.770 5.353 3.738 6.702  10.790 9.738
SR 14.210 7.144  12.750 5773 11.060 10.720
CF  14.090 7247  12.640 5766 11.040 10.670

local element frames are defined by {e;}. The only global to local
transformation that we make here is for the material matrix G.
We consider 150 load steps and fourth-order Lagrangian shape-
function for this example.

84.1. Case 1
For case 1, we consider a moderately slender structure with the

cross-sectional dimension as b = 0.5 units and d = 5b units. We
subject the structure to 3 times the load showed in Fig. 18.
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Fig. 18. Numerical Example 3: Geometry and load pattern.
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Fig. 19. Numerical Example 3, case 1: Deformed configuration.

Fig. 19 illustrates the deformed shape for various load-steps using
CT, SV, SR, and CF beam models. As is expected, SR and CF formu-
lation yields a very similar deformation field. Figs. 19 and 20 shows
the error in the mid-curve position vector and rotation triads pre-
dicted by SR and SV beams relative to CT beam respectively. CT
beam prediction is closer to the SV beam as compared to the SR
beam. Figs. 21 and 22 compares the curvature and warping ampli-
tude fields interpolated linearly from their values at the Gauss

points obtained by CT, SV, and SR beam models for various load
steps. The yellow plane represents a positive plot. We note that
the strain fields are in the global coordinate system, for example,
in the local element coordinate system, k; represents bending cur-
vature about e, for elements 1, 2, 3, and 4, whereas it represents
torsional curvature for elements 5 and 6. Similarly, the torsional
curvature for elements 1 and 2 is given by 3, for elements 3 and
4 by %, (the local and global system aligns for elements 4 and 5).
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Fig. 20. Numerical Example 3, case 1: Error in the Simo-Reissener beam relative to the Chadha-Todd beam.
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Fig. 21. Numerical Example 3, case 1: Error in the Simo Vu-Quoc beam relative to the Chadha-Todd beam.

A clear resemblance in the warping amplitude p can be observed
with %5 for elements 1 and 2; with %, for elements 3 and 4; and
with %; for elements 5 and 6. see Fig. 23.

8.4.2. Case 2
For case 2, we consider a more slender structure with the cross-
sectional dimension as b= 0.2 units and d = 8b units (higher

aspect ratio of the cross-section as compared to case 1). We subject
the structure to 2 times the load showed in Fig. 18. Fig. 24 illus-
trates the deformed shape for various load-steps using CT, SV, SR,
and CF beam models. As is expected, SR and CF formulation yields
a very close displacement field. The difference in the displacement
fields obtained by various beam models is very prominent in this
example because the slenderness of the structure and the higher
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Fig. 23. Numerical Example 3, case 1: The component of material curvature k3 in global coordinates, and warping amplitude p.

aspect ratio of the cross-section brings out the effect of fully cou-
pled Poisson’s and warping effect in the displacement and strain
fields. We report the deformed position vector ¢ (in consistent
units) at the nodes A and B marked in Fig. 18 for both Case 1 and
Case 2.

9. Summary and conclusion

In this paper, we have detailed the variational formulation (in-
cluding dynamic behavior) and numerical implementation (re-
stricted to the static case) of geometrically-exact Cosserat beams
with a deforming cross-section. In this regard, the current investi-
gation is a sequel to our previous work on generalizing the kine-

matics of beam to encompass major deformation effects of the
beam in the setting of single-manifold characterized
geometrically-exact Cosserat beams.

On a broader level, this paper can be divided into five parts. In
the first part, we briefly lay down the foundation of kinematics
used in this study. Since the configuration of the system at hand
is a product space R x SO(3) x R, we describe the important con-
cepts related to finite rotation, curvature, material, and spatial
quantities. Finally, we define the tangent space and tangent bundle
associated with the deformed configuration.

To arrive at the virtual work principle, we evaluate the variation
of necessary quantities. The attempt to capture fully coupled Pois-
son’s and warping effects (including bending induced non-uniform
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Fig. 24. Numerical Example 3, case 2: Deformed configuration.

shear) results in the dependence of deformation map on deriva-
tives of curvature fields (up to second-order). This makes the calcu-
lation of variations rather demanding. The second part of this
paper is dedicated to the calculation of variations of kinematic
quantities required to obtain the weak form.

The third domain of this work deals with deriving the weak equi-
librium equation in a form desirable to computationally solve the
problem. This beam model has higher regularity requirements as
compared to the conventional Simo-Reissner beam. We expected
to obtain an exactly similar balance of linear momentum, angular
momentum, and bi-moment as given in Simo and Vu-Quoc (1991).
Despite using an advanced kinematic model, the strong form, when
expressed using the first PK stress tensor, does not change.

The last part of this paper deals with developing a finite ele-
ment model considering a small strain linear constitutive model
for the static case. For the considered constitutive model, the mate-
rial stiffness matrix is symmetric, whereas, in general, the geomet-
ric stiffness is not symmetric. Finally, numerical simulations
comparing various beam models are presented.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

Funding for this work was provided by the USACE through the
U.S. Army Engineer Research and Development Center Research
Cooperative Agreement W912HZ-17-2-0024. We thank Prof. Joel
P. Conte, Prof. J. S. Chen, and Mr. Mukesh K. Ramancha in the

Department of Structural Engineering at UC San Diego for provid-
ing us with valuable discussions, advice, and comments.

Appendix A. Appendix
A.1. Expressions of L and M-terms

A.1.1. Material form of L-terms associated with i

—i

[’ =1
i;llg =7 QE;
—i =T
L'=7

i;llx =&l @E; —viT @ E;
i({:{lx =E ® ¥ (119)

—i _ i
L3§1,¢ = ® ¥

L = 0,
Li;slp =Y E,
[} — Vo, F
()glp 171
i:‘;z = —VEZ ®E1
z:)zls =05
[} = 2v&E, 0B —V&E, 0E,  +VEEs o Es
L) . =E1 0, %
i;zzlk = —VE, ®¢23 -V ® B;VZWB (120)

—ip

Ly =05
1
L’ =0, E
i:):p = —vWE; — Va:z"P] T

L, =0,

e P
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A.1.2. Material form of L-terms associated with i3 and M-terms

L} = —VvE; o E,
L:’Jsls =03
L} = voE 0B +V6HE3 ©E —2V6E 0 F,

L:)Blk =E® aiavB
I:)z" = 7VE3 ®¢23 — VFl ® 853W23

- (121)
L:%1 =03
Ly = 0.,V .E
i:ﬂ:p = —V"P1 E3 — V(()Q \P] N
L:%lp =0,
Mﬁ;l = —V% T ®E1
M} = VKT © (&F; — &E))
M?};x = ﬁEl ® ?23
Mglz = —Vﬁ.?] ®¢23 (122)
S|
M) = ¥, k.E,
M?;;p = 7V“I”]§.F]
A.2. Expressions of matrices
A.2.1. Matrix B;
[0; I; 0 ) 0, 0, 0; 0; 057
0, i I (7p-k0,p) 94,¢ 0 0; 0; 0
0; 0; 0; 0; I 0; 0; 05 0;
B _|% 0 0 0; —i I 0; 0; 0
0; 0; 05 0, (i — 0., &) 2k I, 0; 05
(aqk.k‘sz.a;’\k) L R .
0; 0; 0; 0; P 3(kKk—0:k) -3k I3 05
—0;, K—K.K.K
L0; 05 0; 0; 03 0; 0; 0; Iz
(123)
A.2.2. Matrix B,
I 0: 15 0?1.13 0; 0 0; 05 0; 0, 0, 0
Bl=[0; 05 0; I 0,05 0 .0s 0} 1 o} 15 0, 0, 0
00 0 0y 0 0 0 0 0 19,
(124)
Here, 8% .I; = diagonal [agl O 821]
A.2.3. Matrix Bs
03 03 03 05 0; 0, 07
0; Is 0; 0; O 0; 0, 0
0; 0; 0; 0; O 0; 0, 0
0; -0, I 0; 0 0; 0, 0
0, 0 0; I; K (icic+8\1ic) 0, 0
B;=(0 0; 0; 0; Iy 2K 0, 0 (125)
03 03 03 03 03 I3 0] 0]
0; 0; 0; 0; O 0; 0, 0
00 0 o] 0] 0 o] 1 0
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L0} o] o] o o o 0 0]

877

A.2.4. Matrix By
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A.2.6. Matrix B,
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Here, 6?1 N;.Is = diagonal 821 Ny, 6?1 N, 8’43] N,]

A.3. Force vectors

A.3.1. Material form of reduced section forces
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A.3.2. End boundary forces, and reduced inertial forces
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F = [y, po(L2) . 0?RAQy
Fo = Jo, po(L3, 8) H?RdQy
Fo= o, po(L2 ) O7RAQ,
(132)

T
Fo, x = Jo, Po (ng ) O?RAQ,
©1
T
= Jo, (Ll ) 27RO
€

Fp = fgg PoLgilp-afRdQO
Foup = o, pOL;j%p.aERon

A.3.3. Reduced external forces due to surface traction and body force

N = [ (L) (P.N)dI
N = [, (L)' .(P.N)dT

Ny = Jr, (L3

N = i, <Lgll,€) .(P.N)dT,

) (P.N)dT,

N eV (133)
No = Jr, Laglk (P.N)dTIy
T
N.gg = I (Lj); K) .(P.N)dI'y
Ny = [ L -(P.N)dT
N3 » = Jr, L’1 .(P.N)dI
= J, Po(Li")" bdBy
= Ji, Po(L¥)" bdBo
Ns fB pO(Li’)llc) deO
T
N2 = Jy, po (L) BB
(134)

T
5 K= fBO Po <Lf,lz K> -bdB,
B

T
= Iy o (L) B
Ny = 5, PoL3. ,-bdBo
]Bo pOL32 deo

ﬁqp
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A.3.4. Nodal internal force vector

iib T
o= [ BB NG = (Pt St Fos ) (135)
<

la

Here,

1b .
ffntll = /E <851N1 (Ni + ”-N2¢1s> + 821 NlNgilz) dél;
I3

Frn= [ (N (0,087 (7,04 0,0%) A7)

gla
LN, (Ni COLPN RN, (0, R) N

‘1

e

+ (ic.agl i+ 20, i+ 0% K + ic.ic.ic) N,
LN, <N‘§q 2N (R0, R) N )

+0% Ny (A/gi w T 3ENG K) + 0L NN ) d¢;.

&
[ = / ) (N,.N; + 0, Ni.NG,, + 7, N,.Ngglp) dé;.

=la

A.3.5. Nodal external force vector

e

£ .
a0 = [ BIBAT 0z =

=la

e
“1b
Stl’

la

[f axtil; f oxti2} f extl3 }

Ni.Ng,(x) + 9¢, Ni.Ng (x)
Ni-(N5(X) = 9, N3 (x) + 02 Ni.NG: (%)

AA4. Constitutive law

Define: /. = 2G + /.

70 0 0 4 0] 0 0
Ci=|0 G 0|; C2=|G 0 0|; Ci3= 0 0l;
00 G 10 0 O] LG 0 0]
0 G 0] G 0 07 0 0 0]
Cyr=|7 0 0f; Cuo=|0 7 0]; Cyu= 0 /|
0 0 0] 0 0 G 0 G 0
0 0 G 0 0 0] G 0 0]
Ci=[0 0 0f; Cp,=|0 0 G|; Cs=|0 G 0.
. 0 0] 0 /. 0] 0 0 /]

(137)

The reduced force vectors are related to the mid-curve strains as:

R o o NiNj(x) + 95, NiNG, (%) | déy
+0: Ny (Nx(x) + KNG (%) + (KK + 0, k)N K(x))
: 2

ﬁg =C1.8+ G 058+ Ci3. K+ @14-351 EJr@ls-aé K +@1s-3§| K +P-@17 +0¢, p»€18 + 32 P-&g;
Noo=Co1 8+ Co.05, 8+ Co3 Kt €40, Kt Co5. 02, K+ C36.0%, K+ p.Co7 + 0, . G5 + 02, p.Coo;

=G 8+ €30, 8+ Ca3 K+ C34.0;, K+ C35.07 K+ C36.07, K+ p.Cs7 + 0, p.Cs + 02, p.Cso;
o x = Ca1 8+ €z 0:, B+ Ca3 K+ Caa .0y, K+ Cs. 07, K+ Ca.0%, K+ P.Cay + 0, p.Cag + 0%, p.Caos

2|

o,k = Cs1.8+ Cs2.0¢, B+ Cs3. K+ Cs4.0¢, K + Cs5.0% K+ Cs5.0%, K+ p.Cs7 + 0, p.Csg + 07, p.Cso;

N o =C1 8+ C.0:, 8+ Co3. K+ Co4.0;, K + Cs.02, K + C5.02 K+ D.Ce7 + 0z, D.Ces + 02, p.Ceo;
a

Ny =Cp1 B+ Cr.0:, 8+ Cr3. K+ Ca.0c, K+ €150 K + €602 K+ .Cay + 02, p.Crs + 02 p.Cro;

N p=Cs1 8+ Cy.0:, 8+ Gy K+ €0, K + Cs. 07, K + Ca5.0 K+ PGy + 0z, p.Cos + 07, p.Cso;
Nz p=Co1.&+Coy.0, &+ Co3 K + €40z, K + Co5.07, K+ Co5.07, K+ p.Co7 + 0, p-Cos + 07, p-Cos.
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(138)

Appendix B. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.ijsolstr.2020.06.002.
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