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PREFACE

This e-book enables the students to understand
the physical phenomena involved in the motion of
a road vehicle. In vehicle dynamics, a
comprehensive analysis and knowledge of all
forces and moment acting on the vehicle is
required. Tire traction and engine power may be
the limiting factor for the acceleration whilst
torque of the brakes along with rolling resistance
effects, bearing friction, and driveline drags must
be considered for braking performance.
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CHAPTER 1 – INTRODUCTION TO VEHICLE DYNAMICS



MOTOR VEHICLE AGE

1769

• French military 
engineer, 
Nicholas Joseph 
Cugnot built a 
three-wheeled 
steam-driven 
vehicle for 
pulling artillery 
pieces.

1784

• Steam-powered 
vehicle was built 
by the Scottish 
engineer, James 
Watt.

1802

• Richard 
Trevithick, an 
Englishman 
developed a 
steam coach that 
travelled from 
Cornwall to 
London. 

1769

• B i r t h  y e a r  o f  
t h e  m o d e r n  
c a r  w h e n  
G e r m a n  
i nv e n t o r,  Ka r l  
B e n z p a t e n t e
d  h i s B e n z  
Pa t e n t -
M o t o r w a g e n .

1902

• F i rs t  c a rs  
a c c e s s i b l e  t o  
t h e  m a s s e s  
w a s  t h e  
M o d e l  T  
m a n u fa c t u re
d  b y  t h e F o r d  
M o t o r  
C o m p a ny.

1908

• O n e  o f  t h e  
f i rs t  
e n g i n e e r  t o  
w r i t e  o n  
a u t o m o t i v e  
d y n a m i c s  w a s  
F r e d e r i c k  
W i l l i a m s  
L a n c h e ste r.  

1995

• T h e  c a r  
G l o b a l  
Po s i t i o n i n g  
S y s t e m ,  o r  
G P S ,  i s  
i n t ro d u c e d . .

1997

• T h e  f i rs t  
To y o t a  P r i u s  
i s  s o l d  i n  
J a p a n .

2010

• F i rs t  
c o m m e r c i a l l y  
av a i l a b l e  
p l u g i n  hy b r i d  
fo r  s a l e  b y  
G M  M o t o r  
C o m p a ny.
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VEHICLE DYNAMICS

3

Ve h i c l e  d y n a m i c s  i s  a  p a r t  o f  e n g i n e e r i n g  p r i m a r i l y  b a s e d  o n  c l a s s i ca l  
m e c h a n i c s  b u t  i t  m ay  a l s o  i nv o l ve d  p hy s i c s ,  e l e c t r i c a l  e n g i n e e r i n g ,  c h e m i s t r y,  
c o m m u n i c at i o n ,  p sy c h o l o g y  e t c .  H e r e  t h e  fo c u s  w i l l  b e  l a i d  o n  g ro u n d  
v e h i c l e s  s u p p o r t e d  b y  w h e e l s  a n d  t i r e s  t h a t  e n c o m p a s s e s  t h e  i n t e ra c t i o n  o f :

DRIVER

• D r i v e r c a n i nt e r fe re w i t h t h e v e h i c l e s b y va r i o u s m e a n s s u c h a s
s t e e r i n g w h e e l , a c c e l e rat o r p e d a l , b ra ke p e d a l , c l u tc h g e a r s h i f t a n d
e tc . Ve h i c l e w i l l p ro v i d e t h e d r i v e rs w i t h i n fo r m at i o n s u c h a s
v i b ra t i o n s , s o u n d s , a n d i n s t r u m e nt s .

VEHICLE

• F o l l o w i n g v e h i c l e s a r e l i s t e d i n t h e I S O 3 8 3 3 d i r e c t i v e : M o t o rc yc l e ,
Pa s s e n g e r c a rs , B u s s e s , Tr u c k s , A g r i c u l t u ra l t ra c to rs a n d Pa s s e n ge r
c a rs w i t h t ra i l e r.

LOAD

• Tr u c ks a r e c o n c e i v e d fo r ta k i n g u p l o a d . T h u s , t h e i r d r i v i n g
b e h av i o u r c h a n g e s . I n c o m p u t e r c a l c u l a t i o n s p ro b l e m o c c u r at t h e
d e t e r m i n at i o n o f t h e i n e r t i a s a n d t h e m o d e l l i n g o f l i q u i d l o a d s

ENVIRONMENT

• Ve h i c l e i s p r i m a r i l y i n f l u e n c e d b y t h e e nv i ro n m e nt . T h e i n f l u e n c e s
c a n c o m e s f ro m ro a d ( i r re g u l a r i t i e s , c o ef f i c i e nt o f f r i c t i o n ) a n d a i r
( r e s i s ta n c e , c ro s s w i n d ) a n d c a n b e t ra n s fe r t o v e h i c l e .



FUNDAMENTAL APPROACH OF MODELLING

Lumped Mass

• Motor Vehicle has many 
components.

• When braking, the entire 
vehicle slows down as a unit-
Represent as lumped mass at 
CG.

• We used braking, acceleration 
and most turning analyses.

4

The subject of vehicle dynamics is concerned with vehicles, truck, buses and special purpose vehicles
on a road surface. The movement of interest are acceleration and braking, ride and turning. Dynamics
behavior is determined by the forces imposed on the vehicle from the tires, gravity and aerodynamics.
The car and its components are studied to determine what these sources will produce powers at a
particular maneuver and trim condition and how the vehicle will respond to these forces. For this
purpose, it is essential to establish a rigorous approach to modelling the systems and the conventions
used to describe the motion.

Vehicle Fixed Coordinate 
System

• Onboard, the vehicle motions 
are defined regarding a right-
hand orthogonal coordinate 
system that originates at the 
CG and travels with the 
vehicle.

• x – Forward and on the 
Longitudinal plane of 
symmetry.

• y – Lateral out the right side 
of the vehicle.

• z – Downward with respect to 
the vehicle.

• p – Roll velocity about the x-
axis.

• q – Pitch velocity about the y 
axis.

• r – Yaw velocity about the z-
axis.



MOTION VARIABLES AND EARTH FIXED COORDINATE SYSTEM

X  – F o r w a r d  t rav e l
Y  – Trav e l  t o  t h e  r i g h t
Z  – Ve r t i c a l  t rav e l  ( p o s i t i ve  d o w n wa rd )
𝜓 – H e a d i n g  a n g l e  ( a n g l e  b e t w e e n  x  a n d  X  i n  t h e  g ro u n d  p l a n e )
𝑣 – C o u rs e  a n g l e  ( a n g l e  b e t w e e n  t h e  v e h i c l e ’s  v e l o c i t y  v e c t o r  a n d  
X  a x i s )
𝛽– S i d e s l i p  a n g l e  ( a n g l e  b e t w e e n  x  a x i s  a n d  t h e  v e h i c l e  v e l o c i t y  
v e c t o r )

5

Motion Variables

• The velocities (forward, lateral, vertical, roll, pitch and yaw) concerning the vehicle fixed coordinate
system where the speeds are referenced to the earth fixed coordinate system.

Earth Fixed Coordinate System

• Vehicle attitude and trajectory through the maneuver course are defined concerning a right-hand
orthogonal axis system fixed on the earth.

• Usually selected to coincide with the vehicle fixed coordinate system at the point where the
maneuver is started.



EULER ANGLES AND NEWTON SECOND LAW

E u l e r  A n g l e

Re l a t i o n  b e t w e e n  v e h i c l e  f i xe d  c o o r d i n a te  a n d  e a r t h  f i xe d  c o o r d i n at e .

H av e  3  a n g l e s .

O b t a i n e d  b y  t h r e e  a n g u l a r  ro t a t i o n .

z - a x i s  ( y a w ) ,  y - a x i s  ( p i t c h )  a n d  x - a x i s  ( ro l l ) .

6

Newton Second Law

Fundamental for most vehicle dynamics analysis.

They are applied to both translational and rotational systems.

F = ma for translational, 𝛕 = 𝜤𝛂 for rotational.

T r a n s l a t i o n a l R o t a t i o n a l



FORCES AND MOMENTS

Direction Force Moment 

Longitudinal (x-axis, +ve forward) Drag Rolling 

Lateral (y-axis, +ve to the right) Side force Pitching 

Vertical (z-axis, +ve downward) Lift Yawing 

T h e  r e a c t i o n  o f  fo r c e s  a n d  m o m e n t s  o n  a  v e h i c l e :

7



DYNAMIC AXLE LOADS

D e t e r m i n i n g  a x l e  l o a d i n g s  o n  v e h i c l e  u n d e r  a r b i t ra r y  c o n d i t i o n s  i s  s i m p l e  
a p p l i c at i o n  o f  S e c o n d  N e w t o n ’s  L a w.  I t  i s  a n  i m p o r t a n t  f i r s t  s t e p  i n  a n a l y s i s  o f  

a c c e l e rat i o n  a n d  b ra k i n g  p e r fo r m a n c e  b e c a u s e  t h e  a x l e  l o a d s  d e t e r m i n e  t h e  
t ra c t i v e  e f fo r t s  o b t a i n e d  a t  e a c h  a x l e ,  a f fe c t i n g  t h e  a c c e l e rat i o n ,  g ra d e a b i l i t y,  

m a x i m u m  s p e e d  a n d  d ra w b a r  e f fo r t .

8

• W is the weight of the vehicle acting at its CG. On a slope, it may have two components: a cosine
component perpendicular to the road surface and a sine component parallel to the road.

• If the vehicle is accelerating, it is convenient to represent the effect by an equivalent inertial force
known as a “d’Alembert force”, acting at the center of gravity opposite to the direction of the
acceleration.

• The tire will experience a force normal to the road, denoted by Wf and Wr representing the
dynamics weights carried on the front and rear wheels.

• Tractive forces Fxf and Fxr or rolling resistance forces, Rxf and Rxr may act in the ground plane.
• DA is the aerodynamic force acting on the body of the vehicle.
• Rhz and Rhx are vertical and longitudinal forces.



STATIC LOADS ON LEVEL GROUND

𝑇𝑎𝑘𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑝𝑜 𝑖𝑛𝑡 𝐴 ,
𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 𝑎𝑡 𝑝𝑜 𝑖𝑛𝑡 𝐴

σ 𝑀𝐴 = 0

𝑊𝑓 𝑥 𝐿 − 𝑊 𝑥 𝑐 = 0

𝑊𝑓=
𝑊𝑐

𝐿

𝑇𝑎𝑘𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑝𝑜 𝑖𝑛𝑡 𝐵 ,
𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 𝑎𝑡 𝑝𝑜 𝑖𝑛𝑡 𝐵

σ 𝑀𝐵 = 0

𝑊 𝑥 𝑏 − 𝑊𝑟 𝑥 𝐿 = 0

𝑊𝑟 =
𝑊𝑏

𝐿

9

Where;
▪ 𝑊𝑓 = weight on the fron t ax le

▪ 𝑊𝑟 = weight on the rear ax le
▪ 𝐿 = 𝑤ℎ𝑒𝑒𝑙𝑏𝑎𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒ℎ𝑖𝑐 𝑙𝑒
▪ 𝑏 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑓𝑟𝑜𝑛𝑡 𝑤ℎ𝑒𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑔𝑟𝑎𝑣𝑖𝑡𝑦
▪ 𝑐 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑟𝑒𝑎𝑟 𝑤ℎ𝑒𝑒 𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑔𝑟𝑎𝑣𝑖𝑡𝑦



LOW SPEED ACCELERATION

𝑊𝑓 = 𝑊
𝑐

𝐿
−
𝑎𝑥
𝑔

ℎ

𝐿
= 𝑊𝑓𝑠 − 𝑊

𝑎𝑥
𝑔

ℎ

𝐿

𝑊𝑟 = 𝑊
𝑏

𝐿
+
𝑎𝑥
𝑔

ℎ

𝐿

= 𝑊𝑟𝑠 + 𝑊
𝑎𝑥
𝑔

ℎ

𝐿

* When a vehic le is  accelerat ing,  the load is  
transferred from the front axle to the rear axle in 
proport ion to accelerat ion (normalized by the 
gravitat ional accelerat ion)  and the rat io of  CG 
height to the wheelbase.

❖ Ve h i c l e  a c c e l e rat e  o n  l e v e l  g ro u n d  a t  l o w  s p e e d .
❖ A s s u m e  A e ro d y n a m i c  D ra g ,  D A i s  ze ro .
❖ A s s u m e  n o  t ra i l e r  h i t c h  fo r c e s ,  t h e  l o a d s  o n  t h e  a x l e  a r e :

10



LOADS ON GRADES

Static 
component

Load transfer 
from front to 
rear due to 
other forces

The loads 
carried on each 

axle

𝑊𝑓𝐿 + 𝐷𝐴ℎ𝑎 +
𝑊

𝑔
𝑎 𝑥ℎ + 𝑅ℎ𝑥ℎℎ + 𝑅ℎ𝑧𝑑ℎ + 𝑊ℎ 𝑠𝑖𝑛𝜃 − 𝑊𝑐 𝑐𝑜𝑠𝜃 = 0

S u m m a t i o n   o f  m o m e n t  a t  p o i n t  A

𝑊𝑓𝐿 + 𝐷𝐴ℎ𝑎 +
𝑊

𝑔
𝑎 𝑥ℎ + 𝑅ℎ𝑥ℎℎ + 𝑅ℎ𝑧𝑑ℎ + 𝑊ℎ 𝑠𝑖𝑛𝜃 − 𝑊𝑐 𝑐𝑜𝑠𝜃 = 0

❖ I n  s t a t i c  c o n d i t i o n ,  𝑅ℎ𝑥 , 𝑅ℎ𝑧 , 𝑎𝑥 ,  𝐷𝐴 i s  ze ro
❖ s i n  0  =  0  a n d  c o s  0  =  1
❖ F i n a l  e q u a t i o n :

𝑊𝑓 =
𝑊𝑐

𝐿
; 𝑡𝑎𝑘𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝐵 𝑠𝑜 𝑊𝑟 =

𝑊𝑏

𝐿

11



LOADS ON GRADES

𝑇𝑎𝑘𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐴 , 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐴 ,

σ 𝑀𝐴 = 0

𝑊𝑓𝐿 − 𝑊𝑐𝑜𝑠𝜃𝑐 + 𝑊𝑠𝑖𝑛𝜃ℎ = 0

𝑊𝑓=
𝑊𝑐

𝐿
𝑐𝑜𝑠𝜃 −

𝑊ℎ

𝐿
𝑠 𝑖𝑛𝜃 = 𝑊𝑓𝑠𝑐𝑜𝑠𝜃 −

𝑊ℎ

𝐿
𝑠 𝑖𝑛𝜃

𝑇𝑎𝑘𝑒 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐵 , 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑜𝑚𝑒𝑛𝑡𝑠 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐵 ,

𝚺𝑀𝐵 = 0

𝑊𝑟𝐿 − 𝑊𝑐𝑜𝑠𝜃𝑏 − 𝑊𝑠𝑖𝑛𝜃ℎ = 0

𝑊𝑟 =
𝑊𝑏

𝐿
𝑐𝑜𝑠𝜃 +

𝑊ℎ

𝐿
𝑠 𝑖𝑛𝜃 = 𝑊𝑟𝑠𝑐𝑜𝑠𝜃 +

𝑊ℎ

𝐿
𝑠 𝑖𝑛𝜃

12



IDENTIFY CENTER OF GRAVITY FROM FRONT/REAR VIEW

σ 𝑀𝐵 = 0

𝑊 cos 𝛽𝑑 𝐿 + 𝑊 sin 𝛽ℎ 𝑐 − 𝑍𝑅′ cos 𝛽𝑑 = 0

𝑊 sin 𝛽ℎ 𝑐 = 𝑍𝑅′ cos 𝛽𝑑 − 𝑊 cos 𝛽𝑑 𝐿

ℎ 𝑐 =
𝑍𝑅′ cos 𝛽 𝑑

𝑊 sin 𝛽
−
𝑊 cos 𝛽𝑑 𝐿

𝑊 sin 𝛽

ℎ 𝑐 =
𝑍𝑅′ cos 𝛽 𝑑

𝑊 sin 𝛽
−
cos 𝛽𝑑 𝐿

s in 𝛽

ℎ 𝑐 =
𝑍𝑅′𝑑

𝑊
cot 𝛽 − 𝑑 𝐿 co t 𝛽

σ 𝑀𝐵 = 0

𝑍𝑅d − 𝑊𝑑 𝐿 = 0

𝑑 𝐿 =
𝑍𝑅𝑑

𝑊

𝑑𝑅 =
𝑍𝐿𝑑

𝑊

13

Where;
𝑍𝑅 = weight on the r igh t whee l
𝑍𝐿 = weight on the le f t whee l
d = di s tance 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑑 𝑙𝑒𝑓𝑡 𝑤ℎ𝑒𝑒 𝑙
𝑊 = 𝑤𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒ℎ𝑖𝑐 𝑙𝑒
𝑑 𝐿 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑙𝑒𝑓𝑡 𝑤ℎ𝑒𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑔𝑟𝑎𝑣𝑖𝑡𝑦
𝑑𝑅 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑟𝑖𝑔ℎ𝑡 𝑤ℎ𝑒𝑒 𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑒𝑟 𝑜𝑓 𝑔𝑟𝑎𝑣𝑖𝑡𝑦
𝛽 = ang le
ℎ 𝑐 = center o f grav i ty he igh t
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1) Define the center of gravity of a vehicle.

2) I f the front wheel carried 65 % of the vehicle weight and

the distance between the front and rear wheel is 2.1 m,

calculate the distance of the gravity center to the front

(b) and rear wheel (c).

3) Find the values of d L and dR i f the load appl ied on the

left wheel is 0.55N and the vehicle’s weight is 1N. Given

that distance between the left and right wheels are

2.2m.

14
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POWER LIMITED ACCELERATION

E N GI NE P O WER  @  H I GH S P E ED

T R A C T I O N L I M I T  @  LO W S P E ED

A C C E LER AT I O N 
P E R FO RM A NC E A R E  

L I M I T  BY

G A S O L I N E D I E S E L
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Acceleration performance can be considered as: 

1. Engine Power Limited Acceleration

• At higher speeds, engine power is the limiting factor.

2. Traction Limited Acceleration

• At lower speeds, traction is the limiting factor

Engine Characteristic.

1. Power limited acceleration involves an examination of engine characteristics and their 

interaction through power trains.

2. In a vehicle application, the engine output torque varies with speed.

3. The maximum torque is between 100 to 300 Nm at a 2500 to 4500 rpm speed for a 

typical passenger car engine.

4. The engine in a typical truck produces torque ten times the value at 1000 to 1500 rpm.

5. For heavier vehicle, diesel engines are usually used.



POWER LIMITED ACCELERATION – ENGINE

Torque curve peak at 
midrange of engine 
speed

Govern by the 
induction system

Most efficient at 0.28 
kg/kWh of specific 
fuel consumption.

GASOLINE

Torque curve flatter or 
even rise at 
decreasing speed

Govern by the fuel 
injection system

Most efficient at 0.2i 
kg/kWh of specific 
fuel consumption.

DIESEL

Po w e r  t o  w e i g h t  r a t i o

1 . Po w e r  a n d  t o r q u e  a r e  r e l a t e d  b y  t h e  s p e e d ,  

Po w e r  =  To r q u e  x  Ro t a t i o n a l  S p e e d  

𝐏 = 𝐓 × 𝛚 𝐞

Wa tt  =  N  m  x  ra d /s e c  

N o t e :  Po w e r  ( 1  k W ) = 0 . 7 4 6  H P  

2 . At  l o w  t o  m o d e rat e  s p e e d ,  t h e  N e w t o n ’s  S e c o n d  l a w  c a n  b e  o b t a i n e d  

b y :  ( n e g l e c t  a l l  r e s i s t a n c e  f o r c e  a c t e d  o n  v e h i c l e )  

𝐅𝐱 = 𝐦. 𝐚 𝐱

m  =  m a s s  o f  t h e  v e h i c l e  =  W /g

a x =  a c c e l e ra t i o n  i n  t h e  fo r wa rd  d i r e c t i o n  

F x =  t ra c t i ve  f o r c e  a t  t h e  d r i ve  w h e e l  

Po we r  t o  w e i ght  
ra t i o  i s  1 s t o r de r  
d e te rmi nant  o f  

a c c e l e rat i o n  
p e r fo rman c e

17

Difference between gasoline and diesel engine.



POWER LIMITED ACCELERATION – ENGINE

3 . S i n c e  t h e  d r i ve  p o w e r  =  Tra c t i ve  f o r c e  x  f o r w a rd  s p e e d

𝐏 = 𝐅𝐱𝐕 ,  

t h e re fo re

18

ax =
1

m
Fx =

g

W

P

V

where;

g = Gravitational constant (g = 9.81 m/s2)

V = Forward speed (m/s)

P = Engine power (W)

W = weight of the vehicle (kg)

4. ax α
1

V
s h o w n  t h at  a c c e l e rat i o n  c a p a b i l i t y  i s  d e c r e a s i n g  w i t h  t h e  

i n c r e a s i n g  o f  s p e e d

5 . B a s e d  o n  t h e  f i g u re  a b o v e ,  t h e  h e av y  t r u c k  h a s  l o w e r  a c c e l e rat i o n  

p e r fo r m a n c e  c o m p a re d  t o  t y p i c a l  c a r  b e c a u s e  h e av y  t r u c k  h a s  l e s s  

p o w e r  t o  w e i g h t  ra t i o .    



POWER LIMITED ACCELERATION – POWER TRAIN

E n g i n e Tra n s m i s s i o n D r i v e s h af t D i f fe re n t i a l

A x l e  s h a f t

cT dT aT

eT
E n g i n e  
To r q u e

C l u t c h  
To r q u e

D r i v e s h af t  
To r q u e

A x l e  
To r q u e

A r e  E n g i ne  O u t p ut  To rqu e  b e i n g  g r e ate r  t ha n  A c t ua l  To rqu e  To  D r i ve t ra i n?
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Effect of drive train on acceleration performance

1. Acceleration performance requires modelling the mechanical systems by which engine 

power is transmitted to the ground. 

2. The engine provides the power from the combustion process to propel the vehicle via the 

drivetrain

3. The engine transfers the power to the clutch system (manual transmission) or torque 

converter (automatic transmission).

4. Either manual transmission or automatic transmission has gearsets that match engine speed 

to desired road speed.

5. Driveshaft transfers power from the transmission to the differential.

6. Differential turn the power flow 90 degrees and allow one wheel to rotate at a different 

speed

7. The axle shaft inside the axle tubing transfers power to rotate the rear wheel. 
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Ta = Fxr + Iwαw = (Td−Id𝛼d)Nf

where;

Ta = Torque on the axles

Fx = Tractive force at the ground

r = Radius of the wheels

Iw = Rotational inertia of the wheels and axles shafts

𝛼w = Rotational acceleration of the wheels

Id = Rotational inertia of the driveshaft

𝛼d = Rotational acceleration of the driveshaft

Nf = Numerical ratio of the final drive

20

Td = (Tc−It𝛼e)Nt

where ;

Td = Torque output to the driveshaft

Nt = Numerical ratio of the transmission

It = Rotational inertia of the transmission

(as seen from the engine side)

𝛼e = Engine rotational acceleration

Torque to axle

1. Torque delivered to the axle which provides tractive force amplified by final drive ratio

2. But reduce by inertia between transmission and final drive;

3. The equation is:

Torque to driveshaft

1. Output torque at transmission amplified by the gear ratio of the transmission

2. However, inertial losses in the gears and shafts reduced the performance.

3. Suppose its value on the input side characterizes the transmission inertia. In that case, the 

output torque can be approximated by the expression: 
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Steady state tractive force

If, 

αd = Nfαw and αe = Ntαd = NtNfαw

Solving all the equations,  

Ta = Fxr + Iwαw = (Td−Id𝛼d)Nf

The steady-state tractive force available at the ground to overcome the road load forces, to 

accelerate, to climb are:

Fx =
TeNtf
r

− Ie + It Ntf
2 + IdNf

2 + Iw
ax
r2

where;

Ntf = Combined ratio of the transmission and final drive

By including the inefficiencies due to mechanical and viscous losses,

Fx =
TeNtf𝜂𝑡𝑓

r
− Ie + It Ntf

2 + IdNf
2 + Iw

ax
r2

where;

𝜂tf = Combined efficiency of transmission and final drive

From chapter 1,

Max = W/g ax = Fx−Rx−DA−Rhx−Wsin𝜃

Max = {
TeNtf𝜂𝑡𝑓

r
− Ie + It Ntf

2 + IdNf
2 + Iw

ax
r2
}−Rx−DA−Rhx−Wsin𝜃

Max + Ie + It Ntf
2 + IdNf

2 + Iw
ax

r2
= 
TeNtf𝜂𝑡𝑓

r
−Rx−DA−Rhx−Wsin𝜃

Lumped the rotational inertias in with the mass of the vehicle,

Mr= [ Ie + It Ntf
2 + IdNf

2 + Iw]/r2

Effect of drive train on acceleration are

ax = [
TeNtf𝜂𝑡𝑓

r
−Rx−DA−Rhx−Wsin𝜃] / M + Mr

𝑇𝑑 change to the term of 𝑇𝑐 and 𝑇𝑒

All rotational acceleration substitute to 𝛼w

Ie + It Ntf
2 + IdNf

2 + Iw
ax
r2

are losses of tractive force due 

to inertia of the engine and 

driveline components

POWER LIMITED ACCELERATION – POWER TRAIN
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POWER LIMITED ACCELERATION – POWER TRAIN

Manual Transmission

1. Power available at the wheel is the product of tractive force and velocity.

2. Tractive effort is proportional to the power and inversely proportional to the speed.

3. The graph above shows the tractive force versus speed characteristic for manual transmission 

4. Under gearing and over gearing condition is provided based on the location of the curves 

relative to each other. 

5. The point where the power available at the road wheels represents maximum road speed.

6. The maximum road speed is reduced in a minimal amount by slight under gear.

D e f i c i e n c i e s  o f  t h e  
t ra n s m i s s i o n  i n  p ro v i d i n g  
m a x i m u m  a c c e l e ra t i o n  
p e r fo r m a n c e

M a x i m u m  p o w e r  o f  t h e  e n g i n e ,  
w h i c h  i s  t h e  u p p e r  l i m i t  o f  
t ra c t i ve  e f f o r t  av a i l a b l e
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1. Automatic transmission provide torque more closely matching to the ideal torque because of 

the torque converter on the input

2. The graph below shows the tractive force versus speed characteristic for automatic 

transmission 

3. At zero speed the tractive force is the highest for every gear

4. These conditions are providing good off-the-line acceleration performance.

3. As the speed increase, the transmission will be approaching the engine speed and the torque 

drop

AUTOMATIC TRANSMISSION



TRACTION- LIMITED ACCELERATION
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1. Suppose there is sufficient power from the engine. In that case, the acceleration may be 

limited by the coefficient of friction between the tire and the road.

2. For this case, Fx is limited by;

Fx = 𝜇W

where;

𝜇 = Peak coefficient of friction

W = Weight on drive wheels

3. The weight on the drive wheel is depends on the static and the dynamic load due to 

acceleration and on transverse shift of load due to drive torque.

The transverse shift of weight due to driving torque

1. When driveshaft torque, Td react between the frame-mounted engine and the axle, the 

transverse weight transfer occurred. The engine, which is a component of the sprung weight, 

produced torque through the transmission. The rear axle must counter that torque at the rear 

tire patch (rear-wheel-drive, RWD situation)

2. This transverse weight transfer then adds cross weight under acceleration and removes cross 

weight during deceleration.

3. The magnitude of transverse weight is a function of the instantaneous engine torque and the 

roll stiffness, Kφ



TRANSVERSE WEIGHT SHIFT
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4. The figure above shows that the driveshaft imposes a torque Td on the axle.

5. Due to suspension roll stiffness, Ts is produced as the chassis roll, compressing and extending 

spring on opposite sides of the vehicle.

6. At equilibrium,

෍T0 = (Wr/2 +Wy −Wr/2 +Wy)t/2 + Ts − Td = 0

or

Wy = (Td−Ts)/t

and

Td = Fxr/Nf

where;

Fx = Total drive force from the two rear wheels

r = Tire radius

Nf = Final drive ratio
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TRANSVERSE WEIGHT SHIFT

Roll torque, 𝐓𝐬

1. Drive torque reaction at engine and transmission is transferred and distributed between the 

front and rear suspension.

2. Roll torque produced by suspension is proportional to roll angle.

3. According to Hooke’s Law f the chassis,

Tsf = Kφfϕ

Tsr = Kφrϕ

Kϕ = Kφf + Kφr

Where;

Tsf = Roll torque on the front suspension

Tsr = Roll torque on the rear suspension

Kφf = Front suspension roll stiffness

Kφr = Rear suspension roll stiffness

Kϕ = Total roll stiffness

4. Roll torque can be related to roll angle. The roll angle is simply the drive torque divided by the 

total roll stiffness.

ϕ =
Td
Kϕ

=
Td

Kϕf + Kϕr

5. From equation Tsr = Kφrϕ, 

Tsr = Kφr
Td

Kϕf+Kϕr

6. From equation Wy = (Td−Ts)/t and    Td = Fxr/Nf we get,

Wy =
Fxr

Nft
[1 −

Kϕr

Kϕr+Kϕf
] or Wy =

Fxr

Nft
[
Kϕf

Kϕ
]

7. During acceleration, the load on the rear axle will be static load plus dynamic load, which are, 

Wr = W(
b

L
+
axh

gL
)



TRANSVERSE WEIGHT SHIFT
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8. As acceleration is simply the tractive force divided by mass, neglecting rolling resistance and 

aerodynamic drag, 

Wr = W(
b

L
+
Fxh

MgL
)

9. Therefore, the weight on the right rear wheel will be,

Wrr =
Wr

2
−Wy

Or

Wrr = W
b

2L
+

Fxh

2MgL
−
Fxr

Nft
[
Kϕf

Kϕ
]

10. The weight on the left rear wheel will be,

Wrr =
Wr

2
+Wy

Or

Wrr = W
b

2L
+

Fxh

2MgL
+
Fxr

Nft
[
Kϕf

Kϕ
]
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1. Solving for Fx from the previous equation, based on the relationship and assumptions, a 

maximum tractive force that can be developed by solid rear axle with a non-locking differential 

are:

Fxmax =
μ

Wb
L

1−
h
L μ +

2𝜇r
Nft

K∅f
K∅

Where;

μ          = coefficient of friction of the driving wheel

Wb
L

= static load distribution

1−
h

L
μ = dynamic transfer load

2𝜇r

Nft

K
∅f
K∅

= lateral load transfer for lower traction force limited wheel

2. When a solid rear axle with a locking differential is used, the additional tractive force can be 

obtained from the other wheel up to its traction limits such that the last term in the 

denominator of the above equation dropout.

Fxmax =
μ

Wb
L

1−
h
L μ +

2𝜇r
Nft

Kφf
Kφ

=
μ

Wb
L

1−
h
L μ

3. The above equation is also valid for independent rear suspension because the driveline torque 

reaction is picked up by the chassis-mounted differential
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1. The maximum tractive force that a solid front axle can develop with a non-locking differential 

are:

Fxmax =
μ

W𝑐
L

1 +
h
L μ +

2𝜇r
Nft

K∅f
K∅

Where;

μ          = coefficient of friction of the driving wheel

Wb
L

= static load distribution

1−
h

L
μ = dynamic transfer load

2𝜇r

Nft

K
∅f
K∅

= lateral load transfer for lower traction force limited wheel

2. When a solid front axle with locking differential or independent front suspension is used, 

Fxmax =
μ

W𝑐
L

1 +
h
L μ

3. In this case, the load on the front axle is higher than the rear axle. However, during 

acceleration, the loads get transfer to the rear axle.

4. Although the numerical values of acceleration performance are higher for front-wheel drive, it 

will not be proportionately better than rear-wheel-drive vehicles.
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1. Based on the Newton Second Law written in the x – direction, the general equation for braking 

may be obtained. 

Max = −
W

g
Dx = −Fxf−Fxr−DA−WsinΘ or   Dx =

Fxf+Fxr+DA+Wsinθ

M
=

Fxt

M

where;

W = Vehicle weight

g = Gravitational acceleration

Dx = −ax = Linear deceleration

Fxf = Front axle braking force

Fxr = Rear axle braking force

DA = Aerodynamic drag

Θ = Uphill grade

Constant Deceleration

1. Throughout the braking application, assume that the forces acting on the will is constant.

Dx =
Fxt
M

= −
dV

dt

where;

Fxt = The total of all longitudinal deceleration forces on the vehicle

V = Forward velocity



CONSTANT DECELERATION
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2. By integrating the equation from initial velocity V0 to final velocity Vf,

න
V0

Vf

dV = −
Fxt
M

න
0

ts

dt

V0 − Vf =
Fxt
M

ts

where;

ts = Time for the velocity change

3. Since V = dx/dt,

V0
2 − Vf

2

2
=
Fxt
M

X

where;

X = Distance traveled during the deceleration

4. In the case where the deceleration is a complete stop, then Vf is zero, then the stopping 

distance, SD and time have taken to stop are,

SD =
V0
2

2
Fxt
M

=
V0
2

2Dx

ts =
V0
Fxt
M

=
V0
Dx

5. From the equation, we know that stopping distance is directly proportional to 𝑉0
2 and stopping 

time is directly proportional to the initial velocity.

SD α V0
2

and

ts α V0
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1. When the wind resistance is involved, the total braking force is the summation of total brake 

force from the axles and the drag force from the wind resistance

෍Fx = Fb + CV2

where;

Fb = Total brake force of front and rear wheels

C = Aerodynamic drag factor

2. Therefore,

න
0

SD
dx = Mන

V0

0 VdV

Fb + CV2

3. Integrating the above equation, the stopping distance with wind resistance is,

SD =
M

2C
ln

Fb + CV0
2

Fb
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1. During a typical maximum effort stop, either energy or power absorbed by a brake system can 

be significant.

2. As the energy absorbed is the vehicle’s kinematic energy of motion, it depends on the mass.

Energy =
M

2
V0
2 − Vf

2

3. The power absorption will vary with the speed at any instant, equivalent to the braking force 

times the speed.

4. At the beginning of the stopping process, the power dissipation is the greatest when the 

highest speed.

5. The average power absorption over the entire stopping process is the energy divided by the 

time to stop.

6. Thus,   

Power =
M

2

V0
2

ts
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Simple Vehicle Model

1. When a car is speeding with acceleration ሶ𝑣 on the level road as shown in the figure below, 

neglecting the aerodynamic drag, the equations are,

I. Summation of force at x-plane are is,  Fx1 + Fx2 = m ሶv

II. Summation of force at z-plane is, Fz1 + Fz2 −mg = 0

III. Moment at center of gravity, CG is, Fz1b − Fz2c + (Fx1 + Fx2)h = 0

2. Substitute equation I into equation III, we have the equation,

IV. Fz1b − Fz2c + m ሶvh = 0

3. From equation II, Fz1 + Fz2 −mg = 0, we have equation

V. Fz2 = mg − Fz1

4. Substitute equation V into equation IV:

Fz1b − mg − Fz1 c + m ሶvh = 0

Fz1b + Fz1c = mgc − m ሶvh

Fz1(b + c) = mgc − m ሶvh

5. Therefore, the normal force of front-wheel Fz1 would be,

Fz1 = mg(
c

b + c
) − m ሶv(

h

b + c
)



SIMPLE VEHICLE MODEL
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6. From equation II, Fz1 + Fz2 −mg = 0, we have equation

VI. Fz1 = mg − Fz2

7. Substitute equation V into equation VI:

(mg − Fz2)b − Fz2c + m ሶvh = 0

mgb − Fz2b − Fz2c = −m ሶvh

Fz2(b + c) = mgb +m ሶvh

8. Therefore, the normal force rear-wheel Fz2 would be,

Fz2 = mg(
b

b + c
) + m ሶv(

h

b + c
)

7. From the equation, the weight distribution for the stationary car depends on the mass center’s 

horizontal position, and the weight distribution for accelerating vehicle depend on the vertical 

position of the mass center.

Fz1 static = mg
c

b+c
Fz2 static = mg(

b

b+c
)

Fz1 dynamic = −m ሶv
h

b + c
Fz2 dynamic = m ሶv(

h

b + c
)
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1. A vehicle accelerates on the inclined pavement with the angle, α as shown in the figure below. 

The equations are,

I. Summation of force at x-plane is, Fx1 + Fx2 = m ሶv + mg sin α

II. Summation of force at z-plane is, Fz1 + Fz2 −mg cos α = 0

III. Moment at center of gravity, CG is, Fz1b − Fz2c + (Fx1 + Fx2)h = 0

2. Substitute equation I into equation III:

IV. Fz1b − Fz2c + m ሶvh + mgh sin α = 0

3. From equation II, Fz1 + Fz2 −mg cos α = 0,

V. Fz2 = mg cos α − Fz1

4. Substitute equation V into equation IV:

𝐹𝑧1𝑏 − (𝑚𝑔 cos𝛼 − 𝐹𝑧1)𝑐 + 𝑚 ሶ𝑣ℎ + 𝑚𝑔ℎ sin 𝛼 = 0

𝐹𝑧1(𝑏 + 𝑐) − 𝑚𝑔𝑐 cos𝛼 + 𝑚 ሶ𝑣ℎ + 𝑚𝑔ℎ sin 𝛼 = 0

𝐹𝑧1(𝑏 + 𝑐)

cos𝛼
=
𝑚𝑔(𝑐 cos𝛼 − ℎ sin 𝛼)

cos𝛼
−
𝑚 ሶ𝑣ℎ

cos𝛼

5. Therefore, the normal force of front-wheel Fz1 would be,

Fz1 = mg cos α (
c − h tanα

b + c
) − m ሶv(

h

b + c
)
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6. From equation II, Fz1 + Fz2 −mg cos α = 0, we have equation

VI. Fz1 = mg cos α − Fz2

7. Substitute equation V into equation VI:

𝑚𝑔 cos𝛼 − 𝐹𝑧2)𝑏 − 𝐹𝑧2𝑐 + 𝑚 ሶ𝑣ℎ + 𝑚𝑔ℎ sin 𝛼 = 0

−𝐹𝑧2(𝑏 + 𝑐) + 𝑚𝑔𝑏 cos 𝛼 + 𝑚 ሶ𝑣ℎ + 𝑚𝑔ℎ sin 𝛼 = 0

𝐹𝑧2(𝑏 + 𝑐)

cos 𝛼
=
𝑚𝑔(𝑏 cos𝛼 + ℎ sin 𝛼)

cos 𝛼
+
𝑚 ሶ𝑣ℎ

cos 𝛼

8. Therefore, the normal force rear-wheel Fz2 would be,

Fz2 = mg cos α (
b + h tan α

b + c
) + m ሶv(

h

b + c
)

9. From the equation, the dynamic part is unchanged from the previous case, dependent on the 

mass center’s height and acceleration. However, the static part are influenced by the slope 

angle and the height of mass center.

Fz1 static = mg cos α
c − h tanα

b + c
Fz2 static = mg cos α (

b + h tanα

b + c
)

Fz1 dynamic = −m ሶv
h

b + c
Fz2 dynamic = m ሶv(

h

b + c
)
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1. When a car is speeding with acceleration ሶ𝑣 on the level road as shown in the figure below, with 

the aerodynamic resistance force, FAR and downforce, FD is considered, the equations are,

I. Summation of force at x-plane are is, Fx1+Fx2 = m ሶv + FAR

II. Summation of force at z-plane is, Fz1−FD1 + Fz2 − FD2 −mg = 0

III. Moment at center of gravity, CG is, (Fz1 − FD1)b − (Fz2 − FD2)c + (Fx1 + Fx2)h = 0

2. Substitute equation I into equation III, we have equation,

IV. (Fz1 − FD1)b − (Fz2 − FD2)c + (m ሶv + FAR)h = 0

3. From equation II, Fz1−FD1 + Fz2 − FD2 −mg = 0, we have equation

V. Fz2 − FD2 = FD1 − Fz1 +mg

4. Substitute equation V into equation IV:

(𝐹𝑧1 − 𝐹𝐷1)𝑏 − (𝐹𝐷1 − 𝐹𝑧1 +𝑚𝑔)𝑐 + (𝑚 ሶ𝑣 + 𝐹𝐴𝑅)ℎ = 0
𝐹𝑧1(𝑏 + 𝑐) − 𝐹𝐷1(𝑏 + 𝑐) − 𝑚𝑔𝑎2 + (𝑚 ሶ𝑣 + 𝐹𝐴𝑅)ℎ = 0
𝐹𝑧1(𝑏 + 𝑐) = 𝐹𝐷1(𝑏 + 𝑐) + 𝑚𝑔𝑐 − ℎ(𝑚 ሶ𝑣 + 𝐹𝐴𝑅)

5. Therefore, the normal force of front-wheel Fz1 would be,

Fz1 = FD1 +mg(
c

b + c
) −

h

b + c
(m ሶv + FAR)



AERODYNAMIC FORCES

39

6. From equation II,Fz1 − FD1 + Fz2 − FD2 −mg = 0, we have equation

VI. Fz1 − FD1 = FD2 − Fz2 +mg

7. Substitute equation V into equation VI:

(𝐹𝐷2 − 𝐹𝑧2 +𝑚𝑔)𝑏 − (𝐹𝑧2 − 𝐹𝐷2)𝑐 + (𝑚 ሶ𝑣 + 𝐹𝐴𝑅)ℎ = 0
−𝐹𝑧2(𝑏 + 𝑐) + 𝐹𝐷2(𝑏 + 𝑐) + 𝑚𝑔𝑏 + (𝑚 ሶ𝑣 + 𝐹𝐴𝑅)ℎ = 0
𝐹𝑧2(𝑏 + 𝑐) = 𝐹𝐷2(𝑏 + 𝑐) + 𝑚𝑔𝑏 + ℎ(𝑚 ሶ𝑣 + 𝐹𝐴𝑅)

8. Therefore, the normal force rear-wheel Fz2 would be,

Fz2 = FD2 +mg(
b

b + c
) +

h

b + c
(m ሶv + FAR)
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Single Axle Rear Wheel Drive RWD

1. When a car is a rear-wheel drive, then Fx1 is equal to zero, and the required force to achieve 

acceleration ሶ𝑣 must be provided only by the rear wheel. Therefore, from simple vehicle model 

equations, 

Fx1 + Fx2 = m ሶv ,

Fz2 = mg(
b

b + c
) + m ሶv(

h

b + c
)

2. With rear axle are driven in limit situation, Fx1 = 0, Fx2 = μFz2 ; 

0 + μFz2 = m ሶvRWD

Fz2 =
m ሶvRWD

μ

3. With the normal force acting on the rear wheel also,

Fz2 = mg(
b

b + c
) + m ሶvRWD(

h

b + c
)

4. Therefore, the maximum acceleration for rear-wheel drive (RWD) is,

m ሶvRWD = μmg
b

b + c
+ μm ሶvRWD(

h

b + c
)

ሶvRWD − μ ሶvRWD(
h

b + c
) = μg

b

b + c

ሶvRWD[1 − μ(
h

b + c
)] = μg

b

b + c

ሶvRWD

g
=

μ

1 − μ
h

b + c

(
b

b + c
)
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Single Axle Front Wheel Drive FWD

1. When a car is front-drive, then Fx2 is equal to zero, and the required force to achieve 

acceleration ሶ𝑣 must be provided only by the front wheel. Therefore, from simple vehicle model 

equations, 

Fx1 + Fx2 = m ሶv ,

Fz1 = mg(
c

b + c
) − m ሶv(

h

b + c
)

2. With front axle are driven in limit situation, Fx1 = μFz1  and Fx2 = 0 ; 

μFz1 + 0 = m ሶvFWD

Fz1 =
m ሶvFWD

μ

3. With the normal force acting on the front-wheel also,

Fz1 = mg(
c

b + c
) − m ሶvFWD(

h

b + c
)

4. Hence, the maximum acceleration for front-wheel drive (FWD) is,

m ሶvFWD = μmg
c

b + c
− μm ሶvFWD(

h

b + c
)

ሶvFWD + μ ሶvFWD(
h

b + c
) = μg

c

b + c

ሶvFWD[1 + μ(
h

b + c
)] = μg

c

b + c

ሶvFWD

g
=

μ

1 + μ
h

b + c

(
c

b + c
)
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Front Wheel Braking (FWB)

1. When a car is on front-wheel braking, then Fx2 is equal to zero and the required braking force 

to perform deceleration - ሶ𝑣 is provided only the by front wheel. Therefore, from simple vehicle 

model equations, 

Fx1 + Fx2 = m ሶv ,

Fz1 = mg(
c

b + c
) − m ሶv(

h

b + c
)

2. With only front axle is braked in limit situation, Fx1 = -μFz1  and Fx2 = 0 ; 

-μFz1 + 0 = m ሶvFWB

Fz1 = −
m ሶvFWB

μ

3. With the normal force acting on the front wheel is,

Fz1 = mg(
c

b + c
) − m ሶvFWD(

h

b + c
)

4. Hence, the maximum deceleration for front-wheel braking (FWB) is,

−m ሶvFWD = μmg
c

b + c
− μm ሶvFWD(

h

b + c
)

ሶvFWD − μ ሶvFWD

h

b + c
= −μg

c

b + c

ሶvFWD 1 − μ
h

b + c
= −μg

c

b + c

ሶvFWB

g
= −

μ

1 − μ
h

b + c

(
c

b + c
)
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Rear Wheel Braking (RWB)

1. When a car is on rear wheel braking, then Fx1 is equal to zero and the required braking force to 

perform deceleration - ሶ𝑣 is provided only by the rear wheel. Therefore, from simple vehicle 

model equations, 

Fx1 + Fx2 = m ሶv ,

Fz2 = mg(
b

b + c
) + m ሶv(

h

b + c
)

2. With only rear axle is braked in limit situation, Fx1 = 0 and Fx2 = -μFz2 ; 

0 − μFz2 = m ሶvRWB

Fz2 = −
m ሶvRWB

μ

3. With the normal force acting on the rear wheel is,

Fz2 = mg(
b

b + c
) + m ሶv(

h

b + c
)

4. Hence, the maximum deceleration for rear-wheel braking (RWB) is,

−m ሶvRWB = μmg
b

b + c
+ μm ሶvRWB(

h

b + c
)

ሶvRWB + μ ሶvRWB(
h

b + c
) = −μg

b

b + c

ሶvRWB[1 + μ(
h

b + c
)] = −μg

b

b + c

ሶvRWB

g
= −

μ

1 + μ
h

b + c

(
b

b + c
)
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R P M 1 2 0 0 2 0 0 0 2 4 0 0 3 2 0 0 3 6 0 0 4 8 0 0 5 2 0 0

TO R Q U E  
( N m )

1 7 9 . 0 2 1 7 . 0 2 3 7 . 4 2 5 7 . 7 2 6 8 . 5 2 7 2 . 6 2 4 4 . 1

Transmission Data – Gear 1 2 3 4 5
Inertia (kgm2) 0.1469 0.1017 0.091 0.0565 0.0339

Ratios 4.28 2.79 1.83 1.36 1.00
Efficiencies 0.966 0.967 0.972 0.973 0.970

1. We are given the following information about the engine and drivetrain components for a 

passenger car:

Engine inertia = 0.0904kgm2 

Final drive inertia = 0.1356 kgm2

Final Drive Ratio = 2.92

Efficiency = 0.99

Wheel inertia's Drive = 1.243kgm2

Wheel inertia's Non-drive = 1.243kgm2

Wheel size radius = 31.98 cm 

Wheel circumference = 497.7 rev/km 

a) Calculate the effective inertia of the drive-train components in the first gear.

b) Calculate the maximum tractive effort and corresponding road speed in the first and 

fifth gears of the car described above when inertial losses are neglected. 
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2. Find the traction-limited acceleration for the rear-drive passenger car with and without a 

locking differential on a surface of moderate friction level. The information that will be needed 

is as follows:

Weights Front = 952 kg

Weight Rear = 839 kg

Weight Total = 1791 kg

CG height = 53.34 cm

Coefficient of friction = 0.62 

Wheelbase = 274.3 cm

Tread = 149.86 cm

Tire size = 33 cm

Final drive ratio = 2.90

Roll Stiffness Front = 1559.7 Nm/deg

Roll Stiffness Rear = 379.8 Nm/deg

3. Consider a light truck weighing 1672.1 kg, performing a complete stop from 96.6 km/h on a 

level surface with a brake application that develops a steady-state force of 920kg. Determine 

the deceleration, stopping distance, stopping time, energy dissipated and the brake 

horsepower at initial application. Neglect aerodynamic and rolling resistance forces.
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1) Define the center of gravity of a vehicle.

2) I f the front wheel carried 65 % of the vehicle weight and

the distance between front and rear wheel is 2.1 m,

calculate the distance of the gravity center to the front

(b) and rear wheel (c) .

𝑾𝒇 =
𝑾𝒄

𝑳

𝑾𝒇 = 𝟎. 𝟔𝟓𝑾

𝟎. 𝟔𝟓𝑾 =
𝑾𝒄

𝟐. 𝟏

𝒄 = 𝟎. 𝟔𝟓 𝒙 𝟐. 𝟏

𝒄 = 𝟏. 𝟑𝟔𝟓 𝒎

𝑾𝒓 =
𝑾𝒃

𝑳

𝑾𝒓 = 𝟎. 𝟑𝟓𝑾

𝟎. 𝟑𝟓𝑾 =
𝑾𝒃

𝟐. 𝟏

𝒄 = 𝟎. 𝟑𝟓 𝒙 𝟐. 𝟏

𝒄 = 𝟎. 𝟕𝟑𝟓 𝒎

Center of gravity is the point that sums up the vehic le's

mass in one central point. To put it s imply, a center of

gravity is the average location of the weight of an object .
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3) Find the values of d L and dR i f the load applied on the left

wheel is 0.55N and the vehicle’s weight is 1N. Given that

distance between the left and right wheels is 2.2m.

𝒅𝑳 =
𝒁𝑹𝒅

𝑾

𝒅𝑳 =
𝟎. 𝟒𝟓𝑵 𝒙 𝟐. 𝟐

𝟏𝑵

𝒅𝑳 = 𝟎. 𝟒𝟓 𝒙 𝟐. 𝟐

𝒅𝑳 = 𝟎. 𝟗𝟗𝒎

𝒅𝑹 =
𝒁𝑳𝒅

𝑾

𝒅𝑳 =
𝟎. 𝟓𝟓𝑵 𝒙 𝟐. 𝟐

𝟏𝑵

𝒅𝑳 = 𝟎. 𝟓𝟓 𝒙 𝟐. 𝟐

𝒅𝑳 = 𝟏. 𝟐𝟏𝒎
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TUTORIAL 2 (ANSWER)

1a. Calculate the effective inertia of the drive-train components in first gear.

I ef f = [ I e + I t (N t f )
2 + IdN f

2 + 2Iw

I ef f = [ 0 .0904 + 0 .1469 (4 .28 x 2 .92)2 + 0.1356(2 .92)2 + 2(1 .243)

I ef f = 0.2373(156 .19) + 1 .156 + 2 .486

I ef f = 40 .706 kgm 2

1b. Calculate the maximum tractive effort and corresponding road speed in first and fifth gears of 

the car described above when inertial losses are neglected. 

F x =
TeN t fη t f

r
− {( I e + I t )  N t f

2+  IdN f
2 +  Iw }

ax

r2

F x =
TeN t fη t f

r

First gear

F x =
TeN t fη t f

r

F x =
(272 .6)(4 .28x2 .92)(0 .966x0 .99)

0 .3198

F x =
3237 .87

0 .3198

F x = 10124 .67 N

Ww =
We

NtNf

Ww =
4800 x

2π
60

4.28x2.92

Ww = 40.22 rad/s

v = Wwxrw

v = 40.22 x 0.3198

v = 12.86 m/s

=  0
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Fifth gear

F x =
TeN t fη t f

r

F x =
(272 .6)(1 .00x2 .92)(0 .970x0 .99)

0 .3198

F x =
764 .39

0 .3198

F x = 2390 .22 N

Ww =
We

NtNf

Ww =
4800 x

2π
60

1.00x2.92

Ww = 172.14 rad/s

v = Wwxrw

v = 172.14 x 0.3198

v = 55.05 m/s

2.

Fxmax =
μ
Wb
L

1 −
h
L μ +

2μr
Ntf

kφf
kφ

Fxmax =
μWr

1 −
h
L μ +

2μr
Nft

kφf
kφ

Fxmax =
0.62x839(9.81)

1 −
0.5334
2.743

(0.62) +
2(0.62)(0.33)
2.90 (1.4986)

(1559.7)
(1939.5)

Fxmax =
5102.97

1 − 0.1206 + 0.07572

Fxmax =
5102.97

0.95512

Fxmax = 5342.75 N
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3.

Deceleration

Dx =
Fx
M

Dx =
920x9.81

1672.1

Dx = 5.398 m/s2

Stopping distance

SD =
v0

2

2Dx

SD =
(26.83)2

2(5.398)

SD = 66.67 m

Time to stop

ts =
V0
Dx

ts =
26.83

5.398

ts = 4.97 s

Energy dissipated

E =
M

2
(V0

2 − Vf
2)

E =
1672.1

2
(26.83)2

E = 601.83 kJ

Brake horsepower

P =
MV0

2

2ts

P =
1672.1(26.83)2

2(4.97)

P = 121.09kW

𝑣 =
96.6 𝑘𝑚

1ℎ
𝑥
1000𝑚

1𝑘𝑚
𝑥

1ℎ

3600𝑠
𝑣 = 26.83 𝑚/𝑠
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