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Abstract

Structural health monitoring (SHM) involves collecting information to assess the health of a structure, typically to guide
risk-informed maintenance decision-making or predict limit state behavior throughout its lifespan. Although the value of
information (Vol) obtained from an SHM system can facilitate improved decision-making, it is important to estimate its
overall utility by considering the costs involved in designing, developing, installing, maintaining, and operating the system.
A feasible SHM system provides greater expected returns resulting from data-informed lifecycle management decisions
than the cost of the SHM system design, fabrication, deployment, operation, and maintenance. That is, since data acquisi-
tion is a precursor to data-informed decision-making, the design of an SHM system governs its feasibility. Such cost-
benefit analyses are a current topic of research in the SHM community. One approach that has been proposed for these
analyses is a preposterior decision analysis using the Vol metric. In this paper, we propose a sensor optimization frame-
work that maximizes the Vol over the structure’s lifecycle, constrained by a pre-decided maintenance policy. We use
two different Vol metrics: the traditional expected Vol and a gambling-theory-inspired normalized expected-savings-to-
investmentrisk ratio. We introduce three time-normalized, unitless Vol metrics that are valuable for evaluating the per-
formance of an SHM design over an extended period. Furthermore, we consider the effect of different risk profiles on
the overall optimal sensor design, recognizing that the cost of decision-making depends on the utility and risk perception
of the decision-maker. We conduct a detailed analysis on the marginal utility gain of gathered information as we add
more sensors, observing the utility to diminish in line with the law of diminishing returns as the information content
increases. This framework is applied to the design of an SHM system used for monitoring miter gates.

Keywords
optimal sensor design, value of information, expected utility theory, Bayesian inference, uncertainty quantification,
Bayesian optimization, miter gates
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system. It is essential to use a well-designed SHM sys-
tem that utilizes an optimized sensing data stream tai-
lored to achieve a specific objective function or utility.

The optimal design of sensors has garnered signifi-
cant interest in the SHM community. With each appli-
cation being unique and focusing on specific targets, a
wide range of objective functions and solution strate-
gies have been proposed in numerous influential studies
within this research field. Within this research field, one
group of optimality criteria focuses on sensor design to
maximize information gain and minimize uncertainty
regarding the structural state. In this context, several
commonly used information-based metrics have been
introduced. The Fisher information matrix and its var-
iants, such as the trace (referred to as the A-optimality
criterion), the determinant (known as the D-optimality
criterion), and the largest eigenvalue (referred to as the
E-optimality criterion), are employed as information-
based metrics in sensor design.®'* Another metric that
is commonly used to quantify information gain is f-
divergence, with Kullback—Leibler (KL) divergence
being the most popular example. KL divergence mea-
sures information gain using relative entropy and has
been applied to sensor optimization.'*!> Probability of
detection is another useful metric for sensor optimiza-
tion. This objective aims to minimize false alarms in
detection (type I error) and false negatives in detection
(type II error).'®! Others have used structural
dynamic-specific criteria such as the modal assurance
criterion, which quantifies the similarity in mode
shapes, in sensor optimization.’**® Yang et al.**
tackled a practical issue of considering the possibility
of sensors malfunctioning and used a reliability-based
optimality criterion for sensor optimization.

In this paper, we target the feasibility of an SHM sys-
tem. To determine the viability and long-term sustain-
ability of an SHM program as a life cycle investment, it
is essential to assess whether the anticipated expected
returns as a result of SHM-system-guided data-informed
decision-making will exceed the overall investment in an
SHM system throughout the structure’s lifespan. This
paper aims to provide a fundamental mechanism,
through which a structural owner could decide whether
investment in a performance-quantified SHM design
provides sufficient return on that investment.

This research builds upon our previous work inves-
tigating and developing an optimal sensor design solu-
tions for applications in SHM. In a prior publication
by Yang et al.”> we presented a mathematical and
numerical framework for implementing Bayesian opti-
mization in order to achieve optimal sensor design for
SHM purposes. In a subsequent publication by Yang
et al.,'* we applied and expanded upon this framework
to a real-world case study involving the SHM of a
miter gate, which is a component of a lock system used

for navigation on inland waterways. Our objective in
this case study was to identify a sensor array design
that maximized the gain in information, as measured
by a class of divergence functions known as f-diver-
gence. It should be noted that while information gain
is important, it may not always result in an economi-
cally optimal design, since the cost of obtaining that
information was ignored. Recognizing that the infor-
mation gathered by an SHM system influences the
cost-effectiveness of the decisions it informs (subject to
constraint on the maintenance and repair policy
adopted by the owners of the structure), our aim is to
expand the optimization framework we have built in
Refs. 14, 25 and 26 to design an SHM system that
maximizes the relative cost benefit of data-informed
decision-making in relation to the investment cost. We
strive to achieve the optimal balance where the benefits
of obtaining and utilizing SHM data outweigh the
associated costs, resulting in an economically viable
and sustainable SHM program. Such cost-benefit anal-
ysis has previously been performed through pre-
posterior decision analysis using the value of informa-
tion (Vol) metric. The excellent contributions by
Malings and Pozzi’”*® emphasized the benefits of
using Vol as a metric for optimal sensor placement
that supports decision-making, despite the computa-
tional complexity involved in evaluating it.

Therefore, this paper’s main contributions and ori-
ginality can be summarized as follows:

1. Optimal sensor placement design using Vol as the
objective function: This paper adopts a pre-
posterior optimization approach that leads to a
sensor network design maximizing the Vol metric.
For pre-posterior design, no sensor data are avail-
able. This sensor design is obtained by simulating
the lifecycle of the structure based on reasonable
assumptions and uncertainty bounds in sensor
data and loading that the structure is subjected to,
and by considering a predefined maintenance pol-
icy (automated in our case using expected utility
theory). Such an investigation is carried out to
determine if investing in an SHM system is worth-
while and, if so, what the initial design of an SHM
system (with sensor placement design being a small
part of it) should be to make it a viable investment.
This design methodology represents a crucial step
toward creating an SHM program and building an
asset management digital twin or cybermodel®®"
that can provide significant benefits to lifecycle
asset management while remaining cost-effective
throughout the structure’s entire lifespan.

2. Investigating the impact of different Vol metrics on
sensor design: This paper analyzes the impact of
two distinct Vol metrics on SHM system design:
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the traditional expected VoI>* and a gambling-the-
ory-inspired normalized expected return-to-invest-
ment-risk ratio proposed by Chadha et al.’

3. Proposing three different time-normalized, unitless
Vol metrics: This paper proposes three additional
Vol metrics—the arithmetic, geometric, and expo-
nential annual rate of expected savings—that are
unitless and time-normalized. These metrics could
be beneficial when analyzing the benefits of an
information-gathering system over a long time
span as a business case.

4. Investigating the impact of spectrum of utilities and
risk profiles on optimal sensor design: Since
decision-makers are the typical curators of SHM
utility, this paper also investigates the effect of dif-
ferent risk profiles on the overall optimal sensor
design.**

5. Sensor placement considering various uncertainties:
The proposed optimal sensor design framework
considers various prior information and uncertain-
ties in modeling loading, sensor noise, the cost of
maintaining and operating an SHM system over
time, and in forecasting damage degradation over
the entire lifecycle of the structure while perform-
ing the pre-posterior analysis.

6. Expanding on the previously proposed Bayesian opti-
mization framework: This paper exploits the opti-
mization framework we built in Refs. 14, 25 and 26
to address the computational challenges inherent in
designing a sensor network. These objectives and
novelties are achieved through the integration of
Bayesian optimization, surrogate modeling, and
Bayesian inference using particle filtering tech-
niques. The complexity of the problem, coupled
with the need to consider numerous sources of
uncertainty (which are multivariate in nature) dur-
ing the design phase, results in the Vol metric
becoming a higher-dimensional integral with a
nonlinear integrand. We employ sampling-based
Monte Carlo simulation to approximate the expec-
tations in Vol.

7. Case study on the miter gate structure: This study
showcases the effectiveness of the newly proposed
sensor placement design framework on a practical
and complex miter gate monitoring applica-
tion.>**” The miter gate structure is an ideal
demonstration example for two main reasons.
First, the damage parameter in this case is the loss
of boundary contact or “gap” between the miter
gate and the quoin block at the bottom of the gate,
which can be characterized by a one-dimensional
continuous state parameter inferred from sensor
measurements. Despite being a complex real-world
structure, the miter gate’s one-dimensional state
parameter allows for a more straightforward

analysis. Other failure modes could be considered,
but to evaluate new Vol metrics and the subse-
quent optimization of sensor networks, focusing
on a single failure mode is sufficient.

The second reason why the miter gate structure is a
suitable example is that the pre-posterior Vol-based
sensor optimization requires simulating the lifecycle
using a physics-based finite-element model (FEM) and
its surrogate, while also considering a maintenance pol-
icy that guides the decision-making process for which
the sensors need to be optimized. In this study, we were
able to use the same FEM model from our previous
work'* and a maintenance policy proposed in Ref. 32
to simplify the process. While we rely on some results
from our previous research, we provide a comprehen-
sive explanation of the necessary concepts for this
study for completeness. Where required, we also direct
readers to the aforementioned papers for further
information.

As mentioned earlier, building a sensor design
framework depends on the particular application and
objective function. In this instance, we aim to utilize
the Vol as the objective function to achieve the optimal
sensor design for monitoring the miter gate structure.
The definition of the Vol metric is reliant on the cost
model, maintenance policy, noise model, loading
model, damage degradation model, and other aspects
that are specific to the structure being monitored.
Therefore, we believe that the best way to illustrate the
framework is by demonstrating its implementation in a
case study focused on the SHM of a miter gate. The
remainder of this paper is organized as follows: section
“The structure of interest” provides an overview of the
miter gate structure and its modeling. Section “The
maintenance policy and the cost model” presents a
summary of the maintenance policy and cost model
adopted in this paper. Section “The Vol metric” pre-
sents the Vol metrics used as the objective function for
sensor optimization. Section “Optimization and
results” describes the Bayesian optimization technique
used to solve the optimization problem. It showcases
and evaluates the performance of various optimal sen-
sor designs obtained using Vol-based and information-
based metrics. Lastly, section “Summary and conclu-
sions” summarizes and concludes this paper.

The structure of interest

Miter gate and the damage parameter

The miter gate is a vital component of the lock system
used for inland waterway navigation, which is managed
and maintained by the US Army Corps of Engineers
(USACE) in the USA. This infrastructure is critical for
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Figure 1. Smithland lock and dam and the general profile of Ohio river navigation system.

Source: Photo credit: Mayank Chadha.

transporting goods through the country’s inland river
network and is a matter of national economic security.
Typically situated in areas with varying water levels,
locks consist of a chamber with gates to control the
water flow. The miter gate is composed of two hinged
panels that meet at an angle (the “miter”) when closed,
forming a tight seal to prevent water from passing
through. When a vessel approaches, the panels are
opened to enable safe passage through the lock cham-
ber. The gates at each end of the lock chamber can be
closed to create a watertight seal, allowing the water to
be raised or lowered as needed. Once the water level in
the chamber matches the next section of the river, the
gates on that end are opened, allowing the vessel to
proceed. In this way, the lock and gate system creates a
series of steps that enable boats and ships to navigate
through rivers with varying water levels. An example
of a lock system managed by USACE is illustrated in
Figure 1.

In this paper, we use the Greenup miter gate at the
USACE Huntington Engineer District as a case study
for simulating the optimal sensor placement design.
The gate opens and closes regularly, which results in
the gate losing contact with the wall quoin blocks at
the bottom of the gate (refer to Figure 4 in Eick
et al.®®). This damage to the boundary is a time-
dependent scalar quantity and is referred to as the “gap

length” or simply “gap” and denoted by 0(¢) € Qg(.
For each time instance, we model the gap value as a
random variable ®(¢), where 0(¢) represents a realiza-
tion of the gap value, and Qg() denotes the space of
gap values. At 6 =0, =0 inches, the gate is pristine.
Based on the suggestions from USACE field engineers,
the limit 6 = 6,,,x = 180 inches is assigned as the upper
bound of gap length at which point the gate is consid-
ered to be nonoperational.

Since the time evolution of the gap length is not pre-
cisely known, we model it probabilistically, as shown
in Figure 2. For the purpose of illustration, we assume
the first 5-year period of the structure as the lifespan of
interest, such that the mean value of the prior-gap
degradation curve reaches the upper threshold of 6y,
in 5 years. It is important to make this assumption
about the lifespan since we are in the pre-posterior
stage of design. The applicability of the presented for-
mulation is independent of the lifecycle duration and
the chosen degradation model, although the sensor pla-
cement results will vary if a different gap degradation
curve is chosen. The proposed formulation can easily
be adapted to consider a much longer lifecycle without
deviating from the proposed methods. The prior distri-
bution of gap length at time ¢ is denoted by fo ) (6(1)).
The gap evolution over time is described by a piecewise
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Figure 2. Prior gap-degradation model that probabilistically
models time evolution of the gap.

multistage degradation model, which is discussed in
section 5.1 of Chadha et al.”

The load vector

The gate is subjected to uncertain upstream and down-
stream hydrostatic loads. We model the upstream and
downstream hydrostatic heads as random variables
Hyp(8) and Hgown (1), respectively, with their respective
realizations denoted by /., and hgown. Together, we
model the load vector, which consists of the upstream
and downstream hydrostatic loads, as the random
vector H(#), with a realization denoted by h(z) = (hy,
(®), haown(£)). Let QH“p(t)a Qi) and Qg denote
the space of load vector, upstream water head, and
downstream water head, respectively, such that
Qr) = Q1 (0 X Qg0+

The water heads over the lifespan of the miter gate
are probabilistically modeled by time-series models

using autoregressive moving average (ARMA) as
follows:

Pup ) = 172+ &P +0.33hyp (t;-1) + 0.35yp (i)
+0.52¢, +0.55¢7,,  where, &P~N(0,2%);

1

Baown (1) =95 + £/ +0.23hdown (ti-1) + 0.25hgown (1i-2)
+0.52689040.6162°M™, where, /°*"~N(0,2?).

(1)

Here, ¢” and &3°" represent errors in the upstream
and downstream height at time step 7, respectively, and
are assumed to be modeled by a normal distribution
with a zero mean and variance within an acceptable
range. Figure 3 illustrates one realization of the hydro-
static head time series constructed using ARMA over a
60-month time period.

Simulating the observed sensor measurements using
an FEM and its surrogate

The submerged part of the gate that loses contact is
difficult to directly measure due to highly turbid water.
Therefore, the gap length needs to be inferred from
indirect measurements. We simulate our data acquisi-
tion process using a high-fidelity FEM of the Greenup
miter gate previously validated in the undamaged con-
dition with the available strain sensor readings.
Although there are infinitely possible locations where
strain gauges can be placed on a real miter gate, the
FEM discretely covers the countable number of sensor
locations by calculating strain values at the integration
points that we choose as strain measurement locations.
As demonstrated in Fig. 3 of Chadha et al..’ the FEM
itself is constructed using 3D quadrilateral and triangu-
lar shell elements in ABAQUS and consists of a total
of 64,919 elements. Each element is identified by its
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Figure 3. Realization of the hydrostatic water head time series: (a) upstream water level and (b) downstream water level.
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geometric centroid at the origin of the local coordinate
system. For each element, there are four possible simu-
lated strain gauge locations. Strain values from the
FEM model can be obtained both horizontally and
vertically on both the top and bottom surfaces of the
element. These four combinations are denoted by TH,
TV, BH, and BV, where T stands for top surface of an
element, B stands for bottom surface of an element, H
stands for horizontal orientation, and V stands for ver-
tical orientation (see section 4.1 of Chadha et al.> for
more details). Therefore, in total, there are 64,919X4
sensor locations of choice. However, for practical rea-
sons, the USACE installs the sensors only on the
downstream side of the miter gate. This reduces our
available sensor locations by approximately half. We
denote the number of all possible sensor locations as
Nrotal—Sensors» and for the chosen miter gate case study,
itis 64,919X2.

Given a specific value of gap length and hydrostatic
heads, denoted by (8(£), fup (1), hdown (), both the FEM
and its digital surrogate simulate the “true” strain val-
ues (without noise) for all Nroai—sensors S€nsors (i.e., we
assume the FEM model to be the ground truth). The
process of Bayesian optimization requires numerous
realizations of the “true” strain values. The digital sur-
rogate of FEM, denoted by g(0(1), fup (1), hdown (1)), 18
created to speed up the simulation process. To create
the digital surrogate, we utilize Gaussian process
regression (GPR) in conjunction with single value
decomposition. For more information on the FEM and
digital twin, refer to sections 2.1 and 2.2 of Yang
et al.'* As such, we model the simulated observed strain
measurements by the random vector X, which consists
of Notal_sensors Simulated strain measurements (each
modeled as a random variable X;). The observed strain
measurements consist of two additive components: the
first is the “true” strain values obtained using the digi-
tal twin of the FEM model, and the second is the mea-
surement noise. The noise is modeled as a random
vector ¢ with a realization £ € Q.. Here, Q. denotes the
space of noise vector. We assume that e follows a zero-
mean Gaussian distribution with independent compo-
nents. In other words, the noise terms of different strain
gauges are statistically independent, and the noise in
the i-th strain gauge is modeled as &~N(0,07).
Furthermore, we assume that each strain gauge has the
same standard deviation, and the standard deviation of
noise is assigned to be o, =5X107% in accordance with
reasonable commercial strain gauge performance. We
note that another alternative approach for assuming
strain gauge measurement uncertainty could be utiliz-
ing the observed characteristics of the sensors installed
on-site, if available (such as those used to calibrate the
FEM model). In some cases, this might be a more realistic
representation of measurement uncertainties since sensor

performance also depends on the quality of implementa-
tion in addition to their intrinsic manufactured character-
istics. The strain measurements model is given as:

x=g(000), hup(0), haown (1)) + €. 2)

Let Qg denote the exhaustive design space consisting of
all the possible designs. For Nrotal—Sensors = 64, 919X2,
the total number of possible designs is given by:

NTotal—Sensors

NTotal—Sensors!
length(Qg) = Total—Sensors

! (NTotal—Sensors — 7)! (3)
1)~1039,085.

r=1

— (ZNTolal—Sensors _

Consider an instance e of a design belonging to the set
Qp. The design e consists of Ng(e) sensors. Let
Xe = (Xer, Xe2, -+ Xeny, ) € Qx, C Qy denote a realiza-
tion of the random vector X, that models the
“observed” strain measurements corresponding to the
sensors in the design e. The measurement model for
the strain gauges included in the design e is given by:

xe:ge(e(t)a hup(t)a hdown(t)) + &e. (4)

Here, g,(0(0), hup(1), haown () = (e1, 8e2s - - -+ GeNyy) 1
the simulated “true” strain values of gauges in design e
obtained using the digital surrogate of the FEM. The
Vector £e= (Eel, ey - - -5 Eeny ) € Qz, C Q; represents
the measurement noise vector for the design e.

Using the measurement model defined in Equation
(4), the likelihood of observing the strain measurement
x, € Qx, for the gap length 6(f) can be written as:

Nyg(e)

frio(xelo)= ]

i=1 Eei

1 b (xei — 2.:(0(1), hup (1), hdown (t)))

(5)

The relationship between gap length and strain data is
highly nonlinear and complex. As a result, we use parti-
cle filters to numerically infer the posterior distribution.
This process is detailed in section 2.4 of Ref. 14.

The maintenance policy and the cost
model

The binary maintenance policy

The USACE considers an operational conditional
assessment rating protocol for its miter gate structures.
This protocol consists of six discrete damage labels: A
(excellent), B (good), C (fair), D (poor), F (failing),
and CF (complete failure). These ratings generally
reflect the increased overall damage state.®” In contrast
to the nonbinary rating protocol used by USACE, in
our study (Chadha et al.*?), we proposed a simplified



Chadha et al.

binary labeling system for the miter gate. This rating
system has two discrete damage labels, resulting in a
binary decision space denoted as Qp={dp,d;}. These
labels are defined as follows:

dy: label indicating that the gate is undamaged
with excellent operational capacity;

di: label indicating that the gate is damaged
and is not safely operational.

(6)

Let My and M; represent the actions associated with
the labels dy and d; respectively, such that

M,: Continue regular operation;
M;: Shutdown, inspect, and repair or replace  (7)
as required based on the inspection results.

In the way this problem is posed, the labels d; have a
one-to-one correspondence with the maintenance
actions M;. This may seem redundant; however, our
intention here is to define a bijective relationship
between the discrete damage labels and the maintenance
actions warranted for the structure. For example, in
the way the decision space is defined, if the structure is
undamaged, then no maintenance is warranted.
Conversely, if maintenance is not a recommended
action, it means the structure is undamaged. As a con-
sequence, choosing the decision space to be defined by
the set {dp,d,} is equivalent to choosing the decision
set {M(),Ml}.

We consider four different costs in the evaluation of
the Vol, which are listed below:

1. Cost A: Inflation-adjusted, utility-adjusted conse-
quence cost of performing a maintenance action on
the structure.

2. Cost B: Maintenance cost of an SHM system over
time adjusted for inflation

3. Cost C: Operation cost of an SHM system over
time adjusted for inflation

4. Cost D: Cost of design and initial installation of an
SHM system incurred one time at the beginning

In the following subsections, we elaborate on the
various cost models used for Vol analysis and subse-
quently for sensor optimization in this paper.

The base cost model

For this paper, we have chosen to utilize the mainte-
nance policy and cost structure proposed in Chadha
et al.*? to evaluate our sensor designs. It should be
noted that we can readily apply any other maintenance
policy and obtain sensor designs using the framework
presented in this paper.

—LML», f I'ul'J L(d”, Brax),

Ly, B

D (d[b gmin)
0 50 100 150
Birue (in inches)

Figure 4. Assumed linear base consequence cost (normalized)
for decision scenario dy and d,.

Let L(do,0ve) and L(di,6ie) denote the conse-
quence costs of performing the maintenance actions
M, and M,, respectively, when the true degree of dam-
age is defined by 6y, such that:

L(d()a gmax) - L(d(]a emin)

L(d09 Otrue) = < ) Otrue + L(d09 emin);

Omax - Gmin
L(dy, Omax) — L(d1, Omin)
L(dlaetrue):< ! ;MX y _1 - )etrue+L(dlaemin)~
max min

(8)

In the equation above, the extremes costs L(d;, Omin)
and L(d;, Omax) are assumed to be known and estimated
by the organization. Because L(dy,0max) 1S the maxi-
mum extreme cost, all other extreme costs can be
expressed as a fraction of L(dy, Omax). For the purposes
of numerical simulation, we assume L(di,Omin)=
0.15L(dy, Omax) and  L(dy, Omax) =0.4L(dy, Omax). We
assign a normalized cost value of 1 unit to L(dy, Omax)-

The consequence costs of performing maintenance
M,y and M;, denoted by L(dy, Owe) and L(dy, Orye), as
illustrated in Fig. 4, are assumed to have linear pro-
files. Readers are referred to section 4.2 of Chadha
et al.> for the detailed rationale behind this assump-
tion. We carefully note that the functional form of this
consequence function need not necessarily be linear
and may vary depending on the problem, target objec-
tive, damage type, or the definition and nature of the
limit state (e.g., which can be continuous or discrete),
and the sheer complexity of the problem.

For instance, consider the decision scenario d,. The
current linear functional form of L(dy, 0yrye) assumes
that the consequence of choosing d increases linearly
with the increase in damage levels over time. That is,
Oue Increases over time, and so does the consequence
cost L(dy, Oyue). Additionally, based on the assumed
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—Option 2: Less conservative than Option 1
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—Option 4: Less conservative than Option 3
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Figure 5. Some possible functional forms of the base
consequence cost curves L(do, Ogrye)-

prior gap degradation model illustrated in Figure 2,
Orue Will be one of the realizations of the distribution
Jow(0(1). Therefore, the consequence cost needs to be
distributed over the damage space since it is hard to
pinpoint the exact value of 6y, at the end of the
assumed lifecycle. For example, based on the assumed
prior gap evolution model, as shown in Figure 2, at the
end of the assumed lifecycle, 6y can be anywhere
between [90, 380] inches.

Based on this discussion, it is clear that the
consequence of making decision dy approaches a false-
positive case as damage increases over time and a logi-
cal functional form must capture this trend. The
assumed linear functional form of L(dp, Oirye) provides
two advantages: (a) it is a simple and logical function,
and (b) it is a desirably conservative consequence func-
tion. Alternatively, one can assume less conservative
yet reasonable functional forms, recognizing that the
danger of decision d, leading to the worst-case false-
positive decision accelerates as the damage level
approaches the assumed threshold. Figure 5 shows
three other alternative functional forms of L(dy, Oyrye):

The utility model and utility-adjusted consequence
cost

In making maintenance decisions based on an organi-
zation’s policies or collective experience, we must con-
sider the real-world scenario in which inspection
engineers execute these decisions. However, because
these decisions are subjective to the engineer’s experi-
ence and thought processes, there may be slight differ-
ences in cost consequences compared to the base cost
function. To account for the decision-maker’s risk pro-
file, we can use a mathematical model that incorporates
their utility function. The utility function represents
how an individual evaluates the outcome of an action,

which may differ from its real dollar cost. A risk-averse
decision-maker will assign a higher value to cost/loss
than its real dollar cost, resulting in a concave-down
utility function. On the other hand, a risk-seeking deci-
sion-maker will assign a lower value to cost/loss, result-
ing in a concave-up utility function. Chadha et al.*?
discuss how to use an individual’s utility function to
obtain modified cost functions that incorporate their
risk perception into the decision-making process. These
risk-adjusted cost functions are denoted by a hat sym-
bol (*) and are expressed as:

]:(dOe Otrue; Vs f) =ao

log(l + by L(dy, Omax) — L(do, 6min)>0true)
Omax — Omin
+L<d09 mm)v (9)
L(dy, Ouue; v, €) = ay
10g( (L(dl, Omax) — L(d, 9min))9true)
Omax — Omin
+ L(dy, Omin)

The parameters (vy,§£) defines the risk profile. For a
given profile, the constants ag, a;, by, and by can be
obtained by solving Equations (18) and (19) in Chadha
et al.*? It is worth noting that the following conditions
define the characteristics of the risk profile:

Z’(dia Otrue; Vs f) >L(d;, Otrye) OT §<7:
for risk — averse profile;

L(di, Ourue; 7€) = L(d;, Oie) o1 E=y:
for risk — neutral profile;

L(dy, Buvue; v, €) <L(dy, Burne) 01 £>:
for risk — seeker profile.

(10)

One of the key conclusions in Chadha et al.” was: “As
the intensity of risk-aversion behavior increases, the
flexibility to choose a feasible SHM system decreases.
This is because a risk-averse decision-maker makes
more conservative and expensive decisions. For an
SHM system to be feasible in the scenario where main-
tenance decisions are expensive, it must cost less.”
Therefore, it is of interest to consider the impact of
behavioral biases in the optimal sensor placement. For
that, we consider three risk profiles defined in Table 1
and illustrated in Figure 6:

Inflation-adjusted costs

Cost A: inflation-adjusted  utility-adjusted ~ consequence
cost. Let 7(f) denote the assumed future monthly rate
of inflation at time ¢ in months. It can either be
assumed a constant or a time series that is forcasted
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Table I. Three profiles considered to investigate the impact of
behavioral biases on sensor design.

Risk profiles ID Y &
Risk averter RPI 0.8 0.6
Neutral risk bearer RP2 0.8 0.8
Risk seeker RP3 0.8 0.95

depending on the past treasuries interest rate, CPI
(Consumer Price Index) data, Phillips curve, and other
macro variables.* The factor (r(0) + 1)" adjusts for the
cost of future inflation. The inflation-adjusted utility-
adjusted consequence cost of decision-making is then
given by:

i(dia Otrues 15 Y, f) :i(d,', Otrue; Y g)(r(t) + l)t- (1 1)

The inspection and maintenance decisions are usually
carried out at discrete time steps. We assume a

discrete-time space Qr, = {t4,, f4y» --» tANA} consisting of
N, time steps. Figures 7 and 8 illustrate how the
inflation-adjusted utility-adjusted consequence costs
evolve over time for different values of a constant
annual inflation rate. We note that the impact on cost
escalation becomes markedly more pronounced with
higher inflation rates, especially over extended periods.
The compounding effect of inflation causes costs to
rise exponentially rather than linearly, resulting in a
significant disparity between low and high inflation
scenarios as time progresses, as observed in Figures 7
and 8.

Consequently, higher inflation rates lead to a sub-
stantially greater increase in future costs, underscoring
the importance of accounting for inflation in long-term
cost planning and decision-making. In this paper, we
assume a fixed inflation rate of 7(f) =2%.

Cost B and Cost C: inflation-adjusted maintenance and opera-
tion cost of the SHM system. Let the inflation adjusted
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Figure 6. Utility-adjusted consequence cost of decision-making: (a) for decision scenario dy and (b) for decision scenario d;.
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maintenance and operation cost be denoted by Cy,(?)
and Cp(#) defined as:

CM(t):CM(r(t)+l)t; (12)
Co®)=Co(rt)+1)".

Here, Cy; denotes the current estimated cost for one
instance of maintenance of the system, and Cy denotes
the currently estimated operation cost per month.
Assuming that the maintenance is done periodically,
we define the discrete time space for maintenance as
Qr, ={tp,,15,, ...,tBNB}, containing Ny time steps (not
necessarily uniform). Similarly, we assume that the
operational cost is evaluated every month defined by
the discrete time space Qr.={tc,,c,, ...,tCNC} con-
taining N¢ time steps (not necessarily uniform). For
consistency in calculations, we normalize the mainte-
nance and operations cost by the factor L(dy, Omax) that
was used to normalize the base consequence cost.

Cost D: cost of design and installation. The cost of design-
ing and initially installing an information gathering
system is denoted as C(e), which we assume to be an
initial cost and hence time and inflation-independent.
For consistency in calculations, we normalize the cost
C(e) by the factor L(dy, Omax) that was used to normal-
ize the base consequence cost.

The Vol metric

The Vol metric over the structure’s lifecycle

To define and evaluate the Vol metric in the pre-poster-
ior stage, it is necessary to simulate the decision-making
process over the structure’s life cycle. We use expected
utility theory (EUT) to determine the optimal action,
selected from a pre-defined set of decisions or actions,
such as the simple set of maintenance actions laid out

in Equation (7), at a given moment based on new infor-
mation about the structure’s health.

When there is no SHM system and no additional
information about the system, the probabilistic state of
the structure at time ¢ is captured by the prior distribu-
tion of the damage parameter, denoted by fo)(0(9)).
The optimal decision dpyio;(#) is obtained as follows:

dyior (1) =argming Eoqy [L(d, 00,17, €)] . (13)
Similarly, when new information is available, such as
strain readings x.(¢), the updated structural state is rep-
resented by the posterior distribution of damage,
denoted by Jowx.0 (0(0)|x.(#)). The optimal decision
dposterior (Xe (1), 1) that minimizes the expected conse-
quence cost (or Bayes’ risk) is given as follows:

dpostrion (1), 1) = argming Eogy .o [L(d, 00,17, €) .
(14)

Note that these decisions, obtained using EUT, mini-
mize the expected consequence cost. It is expected that,
on average, data-informed decisions, or posterior deci-
sion analysis, will lead to net savings compared to deci-
sions made without any information or prior decision
analysis (this will be discussed in more detail in Remark
1). Optimal sensor design in the early stage and Vol
analysis are both pre-posterior activities. Pre-posterior
decision analysis is a framework that helps decision-
makers evaluate the potential benefits of gathering
additional information without actually installing an
information-gathering system. It is assumed that the
acquired information is imperfect and is subject to
uncertainties. In most practical problems, the state
parameter is not directly measured; rather, it is inferred
from other attainable measurements that inherently
have measurement noise.
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Performing a posterior decision analysis, which
involves selecting a maintenance option from the avail-
able choices, requires using the updated state of the
structure (i.e., the posterior distribution of the gap)
and the associated consequence cost (Cost A) within
the EUT framework. Now, let us consider two ways to
perform the prior decision analysis. First, we could
consider the EUT framework, where prior knowledge
of the damage is taken into account (e.g., if we have no
prior knowledge of the damage, we could assume the
prior distribution of the gap to be a uniform distribu-
tion representing lack of knowledge) and evaluate the
optimal decision by considering the consequence cost
based on the EUT. Alternatively, we could consider
how inspections and maintenance were done in the
field by the engineers without any SHM system. For
example, the engineers could perform scheduled peri-
odic inspections and maintenance repairs. To evaluate
the expected cost savings resulting from using an SHM
system and making data-informed decisions, we need
to compare the maintenance costs incurred in posterior
and prior decision analyses. To maintain consistency,
we use the EUT-based information-led automated deci-
sion model for both posterior and prior decision-making
(the former case). By doing so, we ensure that there are
net positive savings resulting from data-informed SHM-
supported decision-making when the cost of information
acquisition is ignored, and the information is representa-
tive of the true reality despite the inherent uncertainty in
the data acquisition process. In other words, unbiased and
free-of-cost information is always beneficial.

We use two Vol metrics derived in section 5.3 of
Chadha et al.” as objective functions to obtain the opti-
mal sensor design. First, we define the Expected Vol
over the lifecycle as:

EVolic(e; v, 8 =C

savedLC (€; Y, &) — CinvestedLc (€) . (15)

Here, EVolc(e; v, &) has the units of normalized cost.
Expected Vol over the lifecycle depends on two vari-
ables: first the sensor design e that acquires informa-
tion, and secondly, the risk profile, parameterized by
(v, &), used to make decisions. In the equation above,
Cinvested Le (€) denotes the net investments made in the

SHM system over the structure’s lifecycle and is defined
as follows:
CinvestedLc (€) = C(e) + Cyrgo(e).

(16)

We notice that Cigyeseearc(e) 1S a positive quantity.
Here, C(e) is the initial design and build cost of the
SHM system, and Cjgo(e) denotes the total cost of
maintenance and operation of the SHM system over
the lifespan of the structure. Let Cy, denote the current
estimated cost of maintenance for one instance of sys-
tem maintenance, and C, denote the current estimated
operation cost per month. We assume that the mainte-
nance of the data-gathering system is done at discrete
time steps, defined by the set {z5}. Similarly, it is
assumed that the operational cost is evaluated every
month, defined by the set of discrete time instances
{tc.}. The cost of maintenance and operations for the
SHM system over the structure’s lifecycle is given by:

tC/, + l)to’ .

(17)

The quantity Csueqrc(e; v, €) in Equation (15) denotes
the expected savings over the lifecycle of the structure
as a consequence of making data-informed decisions
depending upon the risk profile parameterized by
(y,8). As discussed at the beginning of section “The
Vol metric over the structure’s lifecycle,” we use an
automated decision-making procedure that utilizes
EUT to select the action which minimizes the expected
cost as a consequence of making a decision. Therefore,
the expected savings, CyeaLc(e;y, &), are obtained by
subtracting the expected cost incurred due to data-
informed posterior decision analysis from the expected
cost arising from prior decision analysis. Since data-
informed decision-making (assuming that the sensors
are subjected to measurement noise but no bias) pro-
vides a better state estimate and therefore leads to
informed decisions, it overall reduces the decision cost
in comparison to the case where no data is available.
Consequently, by definition, Cguyearc(e;y,€) is a posi-
tive quantity and is given by:

Cugole) = Z Cu -

tB,, +1 B“+ZC0

Expected cost of prior decision analysis over structure’s lifecycle

Ny

CsavedLC (6; v, é‘:) =
n=1

Ny

3 (mlnd Eeq, {L(d,, 0(t4,). 4, s 5)} )

(18)

- Z(EXP(M,‘)[H}I%HEGU ) Xe(t,) [L( (M,,%M,,;%f)H)

n=1

Expected cost of data—informed posterior decision analysis over structure’s lifecycle
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The second Vol metric we use is the risk-adjusted
return ratio for lifecycle cost analysis, which is defined
as:

CsavedLc (€37, 8)

Arcle;y, é) =
Leiey § CinvestedLc (€)

(19)
An SHM system is feasible over the structure’s lifecycle
if EVolic(e;y,6) =0 and Arcle;y,&) =1. Although
these statements are equivalent in the sense that they
both imply a net positive return for an SHM system
(Csavedrc (€35 €) = Cinvesiedrc(€)),  these metrics  have
fundamental differences in the way they quantify the
Vol.

The EVolj c(e) is a differential metric that measures
the difference between expected cost-savings and the
investment made over the lifecycle of the structure,
yielding net expected savings from using an SHM
system. Hence, maximizing EVolic(e;y,£) leads to
maximizing absolute return on investment, while maxi-
mizing Apc(e;y, £) maximizes the ratio of expected sav-
ings to the investment cost. Second, EVol c(e) has
units in dollars, whereas Apc(e;y, &) is a unitless Vol
metric.

Remark 1: We can write Cgyveqrc(e; 7y, €) as:

Ny

CsavedLc(€) / saved et '}’a dt’\“z Csaved e 14,575 f)

n=1

(20)

Here, Caved(e, t;7, &) gives the expected cost saved by
virtue of making a data-informed decision at time ¢.
Mathematically:

Csaved(ea 'y, g) = mind,-E(a(t) |:~ (dja 00, t; s 'f):|
5 (21)
— Ex. [rr}lm Eow)x.0 [L(dj, 0,1, f)H :

Equivalently, using the definitions of optimal prior and
posterior decisions in Equations (13) and (14), the
expression for Csuyed(e, £; v, €) can be written as:

Ny
Csavedrc (€5 Y, §)~ Z (mind

n=1

—Z(

mcs k=

Nines

93

Csaved(ea 1y, ‘f) =Eo() r (dprior(t); 0(1), 7y, f):|

- EX@(t) {Ee(t)\X(,(t) {i (dposterior (Xc(0),0),0(0), 5, f)}] .
(22)

Notice that the second term in Equation (21) for calcu-
lating Caved(e, £; 7y, €) involves obtaining an average of
the consequence cost not only for the posterior distri-
bution of the gap but also for different values of sensor
measurements. This is because we assume that the
information is imperfect due to noise in sensor mea-
surements. Therefore, Cged(e,t;y,£&) calculates the
overall benefit of data-informed decision at time ¢ in
an average sense. The value of Cyyed(e, £; 7y, €) is always
positive because it quantifies monetary gain as a result
of information availability and does not include the
cost of the SHM system. In other words, the equation
Csaved(e, 1;y,€) =0 holds true for any time 7 and any
risk profile (y,£), as long as the design e yields
unbiased and reliable measurements. It is of interest to
investigate how various sensor designs perform in
terms of saving due to data-informed decision-making
over time. For this purpose, Cxyed(e, #; 7y, €) serves as a
good metric, and a particular quantity of interest is the
time at which the design e yields maximum savings,
denoted by 7(e; vy, £), such that:

7(65 Y g) = argmax Csaved(er 5, g) (23)

t

Remark 2: Solving Equation (21) is computationally
challenging for two main reasons: (1) the evaluation of
the expectations of consequence function in the pres-
ence of uncertainty sources is numerically difficult, and
(2) the prior and posterior distributions of the damage
parameter are not explicitly known. Considering that
we can directly obtain samples of the prior distribution
of gap length fo (1) (0(¢)) and the posterior distribution
of gap length fo(x, ) (0(t)[x.(#)) through the multistage
degradation model and Bayesian model updating,
respectively, in this paper, the value of Cguveqrc(e; v, &)
is estimated using sampling-based Monte Carlo simula-
tion. We generate large number of random samples of
Hk(l‘A") S QG)(’A/:) and xek(tAn) € QX@(M,,)’ with k € {1,2,
3, +++,Nmes}. Here, Npes denotes the number of Monte
Carlo samples. The value of Csuyeqrc(e) is then approxi-
mated as:

Nines
Z L(d

iy Ok (t4,) 14,5 Ys f))
Nincs N (24)

. 1 2
ming, L

(7 04 (t4,)[x¢, (t4,)s 1,5 75 §)>> :
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Remark 3: In practical situations, major repairs can
result in changes to the physical system and alterations
to the gate’s degradation pattern. Additionally, actions
taken during the current time step can impact all future
maintenance activities. Incorporating these factors
when calculating the Vol metrics will enable a more
comprehensive analysis of the value of the SHM sys-
tem. However, doing so would require re-running all
FEM simulations and repeating diagnostics and prog-
nostics numerous times, which is computationally pro-
hibitive. Possible ways of overcoming these
computational challenges include using a surrogate-
model-based approach to accelerate the process of
diagnostics and prognostics, using approximation
methods such as Fisher’s information matrix to enable
analytical Bayesian model updating for damage diag-
nostics, and building a surrogate model for the overall
Vol assessment. In this paper, however, we define the
Vol metric under the assumption that the only action
taken is shutting down and inspecting the system, with-
out performing any significant maintenance activity
unless there is damage requiring replacement of the
structure. As a result, the degradation pattern and
physical properties of the gate remain unchanged. The
Vol obtained under this assumption can be viewed as
the lower bound of the actual Vol. Therefore, the sen-
sor placement optimization obtained in this manner is
still valid.

Remark 4: We make three observations about the
assumptions made regarding the costs estimation:

1. Only the decision consequence cost (Cost A) is
adjusted for utility. The utility function, parame-
trized by (y,&), is used to model the behavioral
aspect or the risk perception of the decision-maker
and therefore only impacts the cost of decision-
making, denoted by the consequence function
z(d,-,em;y, £). That is, subjectivity in decision-
making is incorporated using a utility function that
quantifies the perception of the cost by an individ-
ual or organization, which in turn affects their
decision-making. This, in turn, impacts the cost
savings due to better data-informed decision-mak-
ing, quantified as Cguyeqrc(e; 7y, &).

2. It is reasonably assumed that the present value of
the investment cost (Costs B, C, and D) can be
objectively obtained and is independent of the
decision-maker’s risk perception. Therefore, the
total investment cost over the lifecycle, denoted by
CinvestedLc (€), 1s independent of the decision-mak-
er’s risk profile or utility. Similar to the decision-
maker’s risk profile, the investment costs could be
estimated more or less conservatively using a mar-
gin of safety factor.

3. Except for Cost D, which is incurred at the begin-
ning of the lifecycle, Costs A, B, and C will be
spread over the structure’s lifecycle. The values of
these costs are estimated at =0 and then inflated
to obtain their future value at time ¢. Let the cost
estimated at time =0 be denoted as the Current
Value (CV), and the inflated cost at time >0, rep-
resenting the Future Value FV(f). For the rate of
inflation denoted by r(¢), we have:

FV(6)=CV(1+r(0)". (25)

To accurately assess the economic impact over the
structure’s lifecycle, we can apply a discounting rate to
these future values to obtain the corresponding present
value of the cost. The time value of money principle
states that money available today is worth more than
the same amount in the future due to its potential earn-
ing capacity. In addition, discounting provides a more
accurate present value of future cash flows, allowing
for better comparison and evaluation of different
investment options or strategies, especially when com-
paring not-so-similar SHM system designs subjected to
a set of maintenance policies that have different cost
structures. The present value PV(¢) of the future costs
at time ¢ can be calculated by applying a discount rate
d(1) as follows:

(L+7@®)

VO
PV @ (d+d0)

T a+d)

(26)

In the proposed sensor optimization framework, we
simplify the analysis by setting the discount rate
d(t) =0. While discounting future costs would yield a
more accurate present value, our main objective is to
highlight potential cost savings from sensor data. By
focusing on nominal values and applying a constant
inflation rate, we assume a simplified cost structure.
However, it is straightforward to include the discount
rate in the analysis by discounting the costs to present
value, thereby keeping the framework generic and
adaptable.

The rate of savings: time-normalized and unitless
Vol measure

When evaluating sensor designs for its performance in
terms of savings over the lifecycle, it is beneficial to
establish metrics that normalize the Vol over time and
are unitless. In this context, we define three metrics that
can be used to gauge the Vol normalized over the struc-
ture’s lifecycle: (1) average annual expected rate of sav-
ings; (2) compounded annual expected rate of savings;
and (3) exponentially compounded annual expected
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Figure 9. Various rate of savings metric simulated for different lengths of lifecycle: (a) considering lifecycle of | year, (b)
considering lifecycle of 5 year, (c) considering lifecycle of 10 year and (d) considering lifecycle of 100 year.

rate of savings. We will investigate the overall benefit
of various sensor placement designs obtained using dif-
ferent objective functions by evaluating these metrics in
section “Life cycle cost analysis and marginal utility of
additional sensors for various designs over the struc-
ture’s lifecycle.”

Average expected annual rate of savings, denoted by
Rarithmetic (€; v, €), defines the net expected annual sav-
ings from the SHM design e over the structure’s life-
cycle of Nyears relative to the total investment made,
such that:

Ririthmetic (ea Nycars; Vs 6)
1 (CsavedLC (e;7,€) — CinvestedLC (e)>

N, years CinvestedLc (€)
1 /EVolic(e;y, &) 1
= < eley.¢ ) = (Arcle;y.é) —1).
N, years CinvestedLc (€) N, years

(27)

Compounded expected annual rate of savings, denoted
by Rgeomelric (es Nyears§ s 5) , 18 defined as:

_1
Rgeometric (es Nyears; ¥ 5) =ALc (65 Y g)Nyears -1 (28)

Finally, the exponentially compounded expected rate
of SaVingS, denoted by Rexponential(eo Nyears; ) &), is
defined as:

1
Rexponential (es Nyears; v f) = log (ALC(e; Y S)Nyears) : (29)

We notice that all three standardized metrics are unit-
less (expressible in percentages) and depend solely on
the ratio of the expected savings Cguyeqrc to the invest-
ment costs Cipyestedrc (1.€., ArLc(e; v, £)), normalized over
the number of years constituting the lifecycle. These
metrics can be beneficially used when evaluating the
performance of not-necessarily-similar SHM systems
over an extended period.

Figure 9 illustrates the rate of savings metric as a
function of A ¢ simulated for different lengths of the
lifecycle. We observe that when Nycars =1, Rgcometric =
Rarithmetic;, and as the number of years increases,
Rgcomclric approaCheS chponcnlial- Since Rgcomctric and
Rexponential assume the savings compound over time,
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they are more constrained and stable, especially over a
long period of time and for a larger expected savings to
investment ratio A ¢, compared to the arithmetic rate of
savings Raithmetic Which is a linear function of Apc.

Remark 5: Because information is expected to provide
benefits when cost is disregarded, or at the very least,
not cause harm, that is, Cgyeqrc(e; 7y, £) = 0, we observe
the lower limit on these metrics:

li R m ri‘(e; 5 ): — 17 30
Caavearc(€;7,€)—0 geometric (€3 Y, & (30)

lim R ; (6, s ): — oo, 31

CavedLc (€37, £)—0 exponential (€3 Y, & (31)
lim la‘ . i (e, s ) = — ) 3
CSuvchC(eQ'Y» f)"o arithmetic Y § Nyears ( )

Similarly, the lower limit on these metrics will be
reached when the cost of investment reaches a very
large value, such that:

lim Rgeometric (e, Nyears; v.&)=—1; (33)
CinvestedLC (€37, €)=
Rexponential (€, Nyears; ¥, &) = — °°. (34)
CinvestedLC (€57, €)=
Rarithmetic (€, Nyears; V.6 = — . (35)

N, years

CinvestedLc (€7, §)—°

That is, in the limiting case where the acquired infor-
mation results in zero or negligible savings, it indicates
a loss of 100% of the investment (as reflected in
Equations (30) and (33)). In other words, the invest-
ment does not provide any benefits whatsoever.
Alternatively, it can be understood as the investment
losing a fraction of 1/Nyeas of its value every year for a
duration of Nyeys years (as reflected in Equation (32)
and (35)).

Remark 6: For an SHM system to be feasible over its
lifecycle, we have:

Rarithmetic (ea Nyears? Y f) =0; (36)
Rgeometric (ea Nyears; Vs g) = 0; (37)
Rexponential (ea Nyears; Y f) =0. (38)

Remark 7: We notice that the quantities Cgyedrc
(€;7,8), Cavwdle,t;7,8), 7le;v,8), EVolicley,d),
Arcle; v, €), Raithmetic(e, Nyears§ v, €), Rgeometric(es Nyears?
Y g)a and Rexponential(ea Nyears;yv g) depend on the risk
profile, parameterized by (y, &) used in the decision-
making process. As mentioned in Table 1, we focus
our attention on three risk profiles denoted by RPI,
RP2, and RP3 (in ascending order of risk-seeking
behavior). Therefore, for simplicity, we may denote the

aforementioned variables using these risk profile IDs.
For example, EVolc(e; RP1) quantifies the expected
Vol over the lifecycle of the structure considering the
risk-aversion profile RP1 with its (y,&) value men-
tioned in Table 1.

Optimization and results
Optimal sensor design algorithm

Let ey, and ey - denote the optimal sensor place-
ment design that maximizes the EVol ¢ and Aprc
metric. Mathematically:
€Evor,. = argmax EVolic (39)
e€Qp
€y, = arg maxApc.
eeQp

(40)

Given the colossal size of the design space Qg, as
reflected in Equation (3), we use an iterative Bayesian
optimization approach to find the global optimum in a
minimal number of steps, thereby reducing the sam-
pling points and accelerating the optimization process.
However, the iterative design approach presented in
this paper (adding one sensor at a time until the objec-
tive function converges) may lead to sub-optimal
designs, despite its computational efficiency.

For each addition of a sensor, the algorithm per-
forms a global search for all possible sensor candi-
dates. However, because the final design consists of
sensors added iteratively and conditioned upon previ-
ously selected sensors, a greedy algorithm is used
between iterations. This procedure may result in sub-
optimal solutions as the sensors are added iteratively
rather than being globally optimized all at once.*' We
developed this optimization algorithm in our previous
work.'*?*%2 To avoid diverting readers from the main
focus of the paper, which investigates the impact of dif-
ferent Vol metrics and risk profiles on optimal sensor
design, we present the optimization algorithm used to
obtain the sensor placements in Appendix “Bayesian
optimization algorithm.”

Results and discussion

Various sensor designs. There are multiple options for
obtaining the initial design ey, which is composed of
Ny =0 sensors. One option is to randomly generate it
using the Latin hypercube sampling (LHS) technique
(first introduced by McKay, Beckman, and Conover in
their paper*’). Alternatively, it can be predefined based
on judgment or experience. If no predefined design is
available or if one prefers not to assume a random ini-
tial design, it can be set to 0. In this paper, we numeri-
cally implement the optimization algorithm without
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assuming any initial design, that is, we assume that
No=0.

For the maintenance and operations costs per
month, we assume a fixed value of Cy, =Cp=3X10"°
units. Additionally, we assume the initial SHM system
design cost of C=2Xx107 units. It is important to note,
for comparison purposes, that the cost of failure—
incorporating loss of life, property damage, and struc-
ture replacement—is assumed to be 1 unit, which can
be assigned as necessary (e.g., 1 unit can be assigned to
be one million, 10 million, etc.). We further consider
an annual inflation rate of 2% and simulate a lifecycle
of 9 years.

We selected these values for the maintenance, opera-
tions, and SHM design costs based on the cost-
classifier plots obtained in our previous paper.’ By
carefully considering the these costs, we aimed to
ensure that the obtained SHM designs are subject to a
sufficient financial constraint, allowing us to observe
the true impact of different sensor designs on the Vol.
If we had chosen a much lower cost values, the result-
ing SHM designs would not have been adequately con-
strained by the expenses, thereby limiting our ability to
assess the influence of sensor designs on Vol
accurately.

Conversely, opting for significantly larger values
would have made it exceedingly challenging to achieve
economically feasible SHM system designs. Such exces-
sively expensive systems would not be practically feasi-
ble in real-world scenarios. Consequently, we
determined that the chosen values of maintenance and
operations costs strike the right balance, enabling us to
conduct a comprehensive study on SHM system
design. These specific values of costs are therefore
deemed suitable for the objectives of this study.

For the purpose of investigation, we consider four
designs for comparison:

1. Optimal design efy, . obtained using Equation
39)

2. Optimal design e}, . obtained using Equation (40)

3. Optimal design e, obtained by using the KL
divergence objective functional (without risk-
weights) proposed in section 3 of Yang et al.>

4. Random design erangom Obtained using a network
of strain gauges distributed randomly across the
miter gate structure, utilizing the LHS algorithm.*?

We can categorize these designs into three classes.
The first class comprises econometric-based or Vol-
based optimal designs, such as efy,;, . and e; . These
designs are meant to maximize the monetary benefit of
information gain. The second class includes
information-based designs, such as e; and various f-
divergence-based optimal designs discussed in Yang

et al.'"* These designs focus on maximizing information
gain. Finally, the third class consists of random
designs, denoted as erandom, Which are based on ran-
dom selection without specific optimization criteria.
We explore the influence of the number of sensors con-
sidered in the aforementioned designs on various Vol
metrics by investigating different scenarios where the
number of sensors, denoted by Ny, takes values from
the set {1,2,3,4,5,6,7,8}.

Figure 10 illustrates the random design and KL-
divergence-based design, considering up to 10 sensors.
Figures 11, 12, and 13 show the optimal sensor design
€Eyor,. for risk profiles RPI, RP2, and RP3, respec-
tively. Figures 14, 15, and 16 display the optimal sen-
sor design e; _ for risk profiles RP1, RP2, and RP3,
respectively.

We immediately observe several critical points
directly related to the performance of various designs
in terms of the Vol they provide:

1. The KL-divergence-based design is optimized to
maximize information gain or minimize uncer-
tainty. As a result, almost all sensors are placed
close to the damage (loss of gap at the bottom of
the gate). It is important to note that the KL-diver-
gence-based design is not directly related to the
monetary benefit of information gain, as quanti-
fied by the Vol metrics discussed in this paper.

2. The optimal designs obtained using Vol-based
metrics, such as the designs efy,, . and e, ., have
their first sensor placed close to the damage irre-
spective of the risk profiles. However, the subse-
quent additional sensors are not necessarily located
near the damage.

3. Another important observation is that in the case
where no sensors are present (prior decision case),
by definition as presented in Equation (15),
EVol, ¢ is equal to zero. This is because when there
is no additional information and, by extension, no
data-informed decision-making, the expected cost
savings over the lifecycle identically go to zero, and
the investment cost over the lifecycle is zero since
no investment is made to acquire information. As
seen in EVoly ¢ versus number of added sensor plot
illustrated in Figures 11, 12, and 13, when the first
optimal sensor is added, there is a significant jump
in the gain of EVoly¢ value, that is, EVol >0 for
the first added sensor. However, the marginal ben-
efit of adding subsequent sensors in terms of their
economic benefit diminishes due to the law of
diminishing returns.***

4. This diminishing effect is even more pronounced in
the Apc-based designs, where the Apc metric and
the corresponding rate of savings Rgcometric are
highest for the first sensor. Each additional sensor,
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Figure I1. Optimal design efy,, . considering risk-averse profile RPI.

which incurs extra costs, decreases the expected information causing the Apc curve to decay as
economic benefit gained from acquiring additional number of sensors increases. Therefore, in Vol-
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Optimal sensor design using EVolj ¢ metric
considering risk-neutral profile (RP2)

Sensor Legend
: TH sensor
: TV sensor
: BH sensor
: BV sensor

He ¢t

3 5 7 9 gy 0

Number of sensors Y

‘53&

v

-

Figure 12. Optimal design egy,, . considering risk-neutral profile RP2.

Optimal sensor design using EVol; ¢ metric
considering risk-seeker profile (RP3)

Sensor Legend o
J . TH sensor 400
@ TV sensor o
® : BH sensor e
W . BV sensor S

Number of sensors ¥

Figure 13. Optimal design gy, . considering risk-seeker profile RP3



Chadha et al. 19

Optimal sensor design using A;¢ metric
considering risk-averter profile (RP1) o0y

Sensor Legend
7 : TH sensor
@ . TV sensor di i g
® : BH sensor e ' ﬂ:ﬂ :"w eyt
B : BV sensor o , e

+ £ nish0sESt binet U .
1 bR M

_t—'—‘\—'_'-‘—'_'ﬁo
E U

oo soe 500 400
x

Number of sensors

Figure 14. Optimal design €} _ considering risk-averse profile RPI.
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based designs, the first optimal sensor holds the maximum marginal utility. In some cases, the
most  significant importance and provides incremental benefit offered by the additional
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Optimal sensor design using A; ¢ metric
considering risk-seeker profile (RP3)
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Figure 16. Optimal design €} _ considering risk-seeker profile RP3.

sensors beyond the first one may not compensate
for the additional cost they incur.

5. However, unlike the Vol based designs, when it
comes to KL-divergence-based design, although
the marginal gain in information from the addi-
tional sensors after the first one diminishes, it is still
optimized to maximize the information gain. As a
consequence, even the additional sensors after the
first one are positioned closer to the damage and
will not lead to detrimental decision-making even
when the most valuable first sensor is excluded.

The effect of information on the cost of decision-making. It is
of importance to investigate the performance of differ-
ent sensor designs in terms of cost savings resulting
from data-informed decision-making over time, with-
out considering the cost of the SHM system itself.
Recall from Remark 1 that Cgueql(e, t; 7y, £) represents
the expected cost saved by virtue of making a data-
informed decision using the information gathered using
the sensor placement design e at time ¢ and that
Csaved(e, t;y,€) = 0. It is useful to study the trends and
characteristics of Cguyedl(e, t;y,&) for various optimal
sensor placement designs (reported in units of
Normalized Cost defined in section “The base cost
model”) as a function of time ¢ and for different risk
profiles (parameterized by (v, £)). Figures 17, 18, and

19 illustrate the cost saved as a consequence of choos-
ing optimal maintenance strategy at the various
instance of time based on newly acquired strain data
for the three risk profiles, considering the information
obtained from the first sensor, from the first four sen-
sors, and from the first eight sensors respectively. We
make the following observations:

1. In all cases, we observe that Cg,yeq 1S greater than
or equal to zero, except for numerical errors (as
mentioned in Remark 1). This is the consequence
of the fact that unbiased information, even with its
inherent uncertainty, is always valuable when it is
freely accessible.

2. Additionally, the cost savings increase up to a cer-
tain damage level, after which they decrease. The
value of Cgyeq evaluates the economic benefit of
arriving at a data-informed maintenance decision
as a consequence of having an SHM system
installed compared to the decisions we would have
made using the prior decision analysis. However,
beyond a certain gap-length value, the mainte-
nance decision obtained using the posterior deci-
sion analysis is the same as the decision obtained
using the prior decision analysis. For instance,
when the gate is approaching the end of its life-
cycle and nearing the critical failure level, it is
obvious that an engineer with any risk profile



Chadha et al.

21

Considering Risk-Averter Profile RP1 Considering Risk-Neutral Profile RP2

Considering Risk-Seeker Profile RP3

0010

TRE: 0008
0008

0.006
0006

0004 0004

D002 0.002

Csaved (31*, t: Rpl)
Csavea (€1, t; RP2)

Csaved (61*, t; RP3)
=]

0.000 0000

Years

t(e{,t:RP1) = 2 years

€fvo1,, With the first sensor only

Design definition: ef =

ek, With the first sensor only

Years

t(e{, t:RP2) = 3 years

e,{Lc with the first sensor only

Years

7(eq,t:RP3) = 6 years

would choose to perform maintenance. In such
obvious decisions, SHM is not necessarily useful at
that instance in time.

We observe a shift in the peaks of Cguyeq toward
higher gap lengths as the intensity of risk-seeking
increases. Figures 17, 18, and 19 also mention the
time when peak savings occur, denoted by 7(e; vy, &)
and defined in Equation (23). This shift occurs
because the increase in risk-aversion of the
decision-maker (or decrease in risk-seeking beha-
vior) decreases the threshold of the gap beyond
which it becomes obvious to the decision-maker
that the structure is damaged, and the SHM system
does not offer much benefit.

For Vol-based designs, it is more likely that there
are more sensors close to the damage for the risk-
averse profile than for the risk-neutral and risk-
seeking profiles (as seen in Figures 11, 12, 13, 14,
15, and 16). One plausible reason for this observa-
tion is that the risk-neutral profile leads to
information-led cost savings in the early phase of
the structure’s lifespan. However, the damage is
not very prominent in the early phase, and more
information is required to sufficiently capture the
damage in order to make accurate inferences and,
eventually, informed maintenance decisions. On
the other extreme, the risk-seeking profile becomes
active toward the end of the structure’s life when
the damage is much more prominent. Therefore,

Figure 17. Comparison of the expected cost savings, Cqyed(€], t; v, &) from various optimal designs consisting of the first optimal
sensor only (generically denoted by e]), with a random design consisting of only one sensor.

only one well-placed sensor is enough to make a
useful decision.

The performance of the optimal designs egy,y, .»
ey, .» and ey, is better than that of the random
design erangom 1n terms of information-led cost
savings. The performance of the designs efy,, .
and e is very similar. The Cgyeq curve for the
KL-divergence-based design approaches the Vol-
based designs as the number of sensors increases,
but it never exceeds the Vol-based designs.

The performance of the KL-divergence-based design
improves as we consider a greater number of sensors.
On the other hand, the performance of the Vol-based
design does not change significantly as the number of
sensors increases. This is because the first sensor con-
tains most of the necessary information required to
make an optimal decision. This means that the first
sensor provides maximum marginal utility, and the
marginal benefit of the sensors excluding the first one
is not meaningful when it comes to increasing the
monetary Vol since additional sensors come with the
penalty of additional SHM cost.

Life cycle cost analysis and marginal utility of additional sensors
for various designs over the structure’s lifecycle. In Tables
Al to A18 of Appendix A, we provide the values of
several Vol metrics, namely EVolic, ALc, Rarithmetics
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Figure 18. Comparison of the expected cost savings, Csyed (€}, t; 7, &) from various optimal designs consisting of the first four
optimal sensor only (generically denoted by e}), with a random design consisting of only one sensor.

Rgcometric; and Reponential for different sensor network
designs. These metrics are calculated for three specific
risk profiles. In this section, we primarily focus on the
annual compounded rate of savings, denoted as
Rgcometric; Which serves as a key metric for evaluating
different designs of SHM systems as long-term invest-
ments throughout a structure’s lifecycle.

The metrics Rgcometric a0d Rexponential Offer a standar-
dized measure that quantifies the compounded growth
rate (although with slightly different definitions) over
an extended period, enabling us to assess the accumu-
lated savings over many years. Although Rgcometric and
Rexponential assume compounding of savings over time, it
is important to note that in this case, the savings today
do not influence the savings tomorrow. However, this
characteristic renders Rgeometric aNd Rexponential tO be
more constrained and stable compared to the arith-
metic rate of savings Ruimmetic, especially when the
SHM system is very profitable, that is, when Ay c>>1.
Tables A1 to A18 of Appendix A demonstrates demon-
strates that changes in the value of Ryihmetic €xhibit
greater sensitivity to variations in Cgyeqrc compared to
Rgcometric And Rexponential.: However, when the SHM sys-
tem is not feasible, a well-defined lower bound of
Rgcometric (see Equation (30) and (33)) makes it a more
preferable metric than Rexponentiat (see Equation (31)
and (34)). All these characteristics make Rgeometric the
best metric to evaluate the lifecycle benefit of an SHM
system.

Figure 20, which consists of a 2D representation in
Figure 20a and a 3D representation in Figure 20D, illus-
trates the compounded annual rate of expected saving
Rgcometric for various designs, risk profiles, and numbers
of sensors, starting from the first sensor (which is the
most important sensor in an optimal design). We make
the following observations:

1. As seen in Figure 20a, all the values of Rgcometric
for ey, .» €, > and eg; are in the feasible region.
The Vol-based optimal designs, epy,, . and € .,
perform the best for any number of sensors and
any risk profile considered. The Rgeometric surface in
Figure 20b for these designs is above the surface
for the e, design, indicating their outperfor-
mance. Information-based design also leads to a
feasible SHM system. The performance of the ran-
dom design, erandom, 18 random since the sensors
are randomly selected and not optimized for any
target objective. Additionally, they are not condi-
tioned upon the information acquired from the
previous sensors.

2. As we include a greater number of sensors into an
optimal design, Recomerric decreases for all risk pro-
files. This is indicative of the first sensor carrying
maximum marginal utility in terms of cost benefit.
The benefit from the additional information
acquired by sensors added after the first sensor
does not compensate for their additional cost. This
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Figure 19. Comparison of the expected cost savings, Csyed(€5, t; v, &) from various optimal designs consisting of the first eight
optimal sensor only (generically denoted by e3), with a random design consisting of only one sensor.

fact is clearly reflected in various Rgeometric CUrves
in Figure 20a, as well as by the downward sloping
Rgcometric surface in the direction of increasing num-
ber of sensors for egy,y, > €, > and eg; designs in
Figure 20b.

3. Wealso observe that for Vol-based designs, ey, .
and €, Recometric increases as the risk-seeker beha-
vior increases. Recall that the risk-seeker profile
tends to take action only where there is a real need
for it, which is toward the end of the life of the
structure. By doing so, it tends to save costs. Since
Vol-based metrics are explicitly dependent on the
risk profiles, this pattern is expected. This fact is
clearly reflected in Figure 20a and 20b, which show
upward sloping Recometric curves and surfaces in the
direction of increasing risk-seeker profile for the
designs egy,y, . and ey .

It is of interest to investigate the marginal utility
of the sensors excluding the first sensor. For that, we
consider Figures 21 and 22 that illustrate the com-
pounded annual rate of expected saving Recometric for
various designs, risk profiles, and numbers of sensors
excluding the first sensor. We make the following
observations:

1. The additional sensors beyond the first sensor do
not add value to Vol-based designs and instead
have a detrimental effect on the overall perfor-
mance. The effect is worse on e} _ than on efy,; ..

. Lc LC
The ey, . design leads to positive values of
LC

Rgcometric for certain combinations of the number
of sensors and risk profiles. However, e} = without
the first sensor starts behaving like a random
design and mostly leads to nonfeasible SHM
system.

2. Excluding the first sensor decreases the perfor-
mance of information-based design e; — as well
but it still leads to a feasible SHM design for all
risk profiles as well as number of sensors consid-
ered. This can be seen in Figures 21b and 22b
where the Rycometric surface for ey, design consis-
tently stays positive. This is because, in contrast to
Vol-based designs, KL-divergence-based designs
prioritize maximizing information gain and posi-
tioning additional sensors closer to the damage,
even if the marginal gain in information decreases.
This ensures that excluding the most valuable first
sensor does not result in detrimental inference of
damage and subsequently decision-making, as all
subsequent sensors are still optimized for maximiz-
ing information gain.

Summary and conclusion

This paper presents a framework for sensor optimiza-
tion based on the concept of Vol. The framework aims
to maximize the overall benefit of information obtained
through an SHM system throughout its lifecycle. The
objective is to design an SHM system that generates
significant cost savings through data-informed
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Figure 20. Compounded rate of savings Rgeometric for various desig

ns, risk profiles, and number of sensors starting from the first

sensor: (a) 2D plot: Ryeometric for various designs, risk profiles, and number of sensors and (b) 3D illustration: Rgeometric for various

designs, risk profiles, and number of sensors.

decision-making while considering the expenses asso-
ciated with designing, installing, operating, maintain-
ing, and other related costs over the structure’s
lifecycle. Since each structure is unique with very spe-
cific design needs, suitability and accessibility of sen-
sors, cost structures, environmental and loading
conditions, modeling capabilities, and damage types,
the design strategy detailed in this paper and the con-
clusions drawn focus on miter gate structures or
structures with similar characteristics. With that in
mind, we believe that this paper makes a substantial
contribution to the design strategy for SHM systems,
and the presented design approach, although focused
on the miter gate structure, can in principle be
extended to other structures.

We explore two Vol-based designs: one that maxi-
mizes the expected Vol over the structure’s lifecycle,
and the other that maximizes the ratio of expected sav-
ings over the lifecycle to the investment in running an
SHM system. We compare these Vol-based designs
with the information-based design that maximizes the
gain in information quantified by KL divergence, as
well as with the random design obtained by randomly
selecting sensors using LHS. Additionally, we propose
three time-normalized, unitless metrics, generically
called the rate of expected savings, which are especially
useful when quantifying the value of an SHM system
over many years. We use the compounded annual rate
of expected savings to compare the performance of
four sensor placement designs (two Vol-based, one
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information-based, and one random) for the complex
miter gate structure simulated under an assumed main-
tenance policy and investigate the impact of different
risk profiles on the performance of these designs.

We draw three conclusions from our study. First, all
optimal designs, whether Vol-based or information-
based, consistently outperform random designs.
Random design relies on chance, and while it is possi-
ble for one of the randomly chosen sensors to provide
good inference of structural damage, it cannot be
attributed to intentional design efforts. In contrast, the
optimal designs, based on either Vol or information
criteria, are intentionally crafted to maximize perfor-
mance and reliably enable a feasible SHM system. By
leveraging systematic design principles, these optimal
approaches on the chosen case study of the miter gate

structure ensure superior results compared to relying
solely on chance occurrences.

Second, the performance of Vol-based design in
terms of maximizing cost savings increases as the deci-
sion-maker’s risk-seeking behavior intensifies. This is
because the Vol-based objective functions are directly
influenced by risk profiles, and risk-seeking individuals
tend to take action only when there is a genuine need
for it, typically toward the end of the structure’s life-
span. By doing so, they effectively reduce decision costs.

Finally, the most important conclusion of the study
is that, for all optimal designs, whether Vol-based or
information-based, the first sensor provides the maxi-
mum marginal utility in terms of maximizing cost sav-
ings over the structure’s lifecycle relative to the total
investment. Additionally, as a result of the law of
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Figure 22. Compounded rate of savings Rgeometric for various desig

ns, risk profiles, and number of sensors starting from the third

sensor (ignoring the first and the second sensor): (a) 2D plot: Rgeometric for various designs, risk profiles, and number of sensors
(ignoring the first and the second sensor) and (b) 3D illustration: Reeomerric for various designs, risk profiles, and number of sensors

(ignoring the first and the second sensor).

diminishing return, the marginal benefit of the sensors
excluding the first one is not significant when it comes
to increasing the monetary Vol since additional sensors
incur additional SHM costs. This is because the first
sensor contains most of the necessary information
required to make an optimal decision. However, when
it comes to the Vol-based designs, the additional sen-
sors beyond the first sensor do not add value to Vol-
based designs and instead have a detrimental effect on
the overall performance. In contrast to Vol-based
designs, when it comes to the information-based design,
although the marginal gain in information from the
additional sensors after the first one diminishes, it is still
optimized to maximize the information gain. This

ensures that excluding the most valuable first sensor
does not result in detrimental damage inference and
subsequently decision-making, as all subsequent sensors
are still optimized for maximizing information gain.

This leads us to recommend that Vol-based optimi-
zation should be used in conjunction with information-
based optimization. For instance, the first sensor can
be optimized to maximize the Vol, while the subse-
quent additional sensors, conditioned on the first sen-
sor, can be obtained by maximizing information gain.
In practice, it is advisable to have multiple sensors
because they can malfunction, and this arrangement
increases the likelihood of avoiding poor decisions if
the critical first sensor fails.
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The proposed formulation can be further strength-
ened by considering other variables in the design
framework, such as: (a) incorporating model uncer-
tainty by considering distributions of model parameters
and including these uncertainties in the definition of
Bayes risk. This means that while defining the expected
value of the quantity of interest, whether it be Vol or
information gain, we account for the uncertainty in the
simulated model of the structure. This will also average
out possible model bias and inevitable skewness in
structural properties introduced during construction;
(b) in the proposed framework, we assumed a particu-
lar risk profile for the decision-maker (such as an orga-
nization). However, an organization consists of many
decision-makers (inspectors and engineers) with differ-
ent risk profiles. This distribution of risk profiles can
also be considered while defining the objective function
for sensor optimization; (c) in the proposed frame-
work, the Vol was calculated in the pre-posterior stage
(or during the initial design stage) considering the
entire lifecycle of the structure. The sensors obtained
from this design would be the first set of sensors
installed on the structure. However, once the sensors
are installed, the acquired information can be used for
both diagnostics and prognostics, which in turn can be
helpful in probabilistically predicting the future state of
the structure. This prediction can inform maintenance
strategies that consider not only the current state of the
structure but also its remaining useful life. A natural
extension of this idea for sensor optimization is to
develop an optimization framework that starts with
pre-posterior design and then updates over time based
on the information acquired by the installed sensors;
(d) in the current work, the damage was assumed to be
a one-dimensional scalar quantity. In most practical
problems, damage is a multidimensional variable.
Extending this framework to a multidimensional dam-
age scenario would be a major contribution, but it is
admittedly a very challenging task that can be investi-
gated in the future.
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Appendix

Bayesian optimization algorithm

Unlike optimization methods that rely on gradients,
Bayesian optimization does not require the objective
function’s derivative. Instead, it only needs a black-box
model (such as a surrogate function) of the objective
function to perform the optimization. Bayesian optimi-
zation has two main components: first, a surrogate
function to approximately evaluate the value of objec-
tive function is developed using randomly evaluated
samples of the objective function; second, an acquisi-
tion function is used to identify the next most promis-
ing candidate for updating the design.

We demonstrate the optimization process consider-
ing the Apc(e) as the objective function. The process
begins by choosing an initial design efy,, . consisting
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of Nyleg)=No=0 sensors. Here, d"” represents the
location of /th strain gauge in the design ¢;. The next
step is to obtain an updated design e; by adding an
additional sensor to ey, such that Ny (e;)=No+1. To
obtain the optimal e;, we randomly sample « sensor
locations using LHS, subjected to a space filling prop-
erty, to be the candidate for the additional sensor from
the unused sensors constituting the measurement space
Qy. These locations yield @ number of design samples
ér, Vk<a each with Ny(e;) sensors. We obtain the
exact cost Apc(er), V k<a using approach discussed in
the previous section. Using the set of « additional sen-
sor locations as input data, denoted by d, and the exact
cost as output data, we train our surrogate function
ALc(d) ~N(pz, 02). This surrogate can be used to
quickly estimate a posterior probability that describes
possible values for the Bayes risk at a remaining candi-
date location d spanning the entire design space, with
mean value u; and standard deviation o;. We use
Expected Improvement EI as our acquisition function
that helps us locate the next most valuable candidate
for the next sensor location based on the current pos-
terior over the Bayes risk, given by

EI(d) = (M;,_A;C)cp(’”‘—f‘LC) A (LALC) (A1)
04 Ta

Here, A] = maxg Arc(ex) is the current best value of
the objective function. For all the remaining possible
additional sensor location candidates, we evaluate
EI(d). The candidate with maximum EI is the next most
valuable location. Once we locate the next most valuable
sensor location candidate, we get («+ 1)th design sam-
ples. We re-train the GPR with (« + 1) data points, and
keep adding the next most valuable location from the set
of strain locations constituting Qy until the maximum
El is less than a tolerance value &.

Note that the aforementioned details updates an ini-
tial design ey — e; by adding one additional sensor. We
keep updating the designs by adding one sensor at a time
until one of the following two conditions is reached:

1. The Vol converges to a constant value, that is, the
design ej = e* (with i =17) can be considered as the most
optimal design if Apc(e)=~Arc(ey-n). Given an
updated design ¢;= (dV,d@, .-, d™+)) with
Ny (e;) number of sensors, the aforementioned steps
can be generalized to obtain the updated design e, 1).

2. The total number of sensors in the design reaches
the maximum number of sensors limited/con-
strained by the decision-maker or other factors
such asApc(e) = 1.

Given the design ¢;, the updated design e, ) can be
obtained following similar exercise as described above.

Let e, represent the optimized sensor design with
(No + nas) sensors, such that n,,<N,s. Here, N, repre-
sents the maximum additional sensors considered over
the initially assumed number of sensors Ny. The num-
ber of sensors in the final design shall then be
<(No + N,s). The optimal design e}, . is then given by:

ey, = argmaxApc(e,)- (A2)

Cnas

Algorithm 1 demonstrates the Bayesian optimiza-
tion procedure to evaluate the design ej, .

Algorithm |: Bayesian optimization for sensor placement.

. ,d(No]);

I Initialize eg = (d“),dm, -
2 for n,s =1 to N, do

3 Using LHS, randomly select « locations to be candidates
for the (Np + n,s) sensor location, with coordinates

Y= (a[l)’ 8(2), . a(a));

4 | Obtain @ number of possij:zl? designs:

€, = concatenate (e, + 1),d ), for all k < «;
5 | Obtain the exact cost of all the a designs:
E=Ac(@),Ac(€), -+, Ac(@d));

6 | whilei=1 or maxEl < e do .

7 Construct the GPR model for A c(+) trained using
(X, E);

8 For all the remaining strain locations

n -2
@",d?, ... d?), where
B = (NTomFSensors - (NO + Ny —
B number of possible designs:
€m = concatenate(e(,, + 1y, ™M), for all m<p;

I) — @), obtain

9 Obtain the cost A c (™) for all m<p designs using
GPR developed before;
10 Obtain the current best A{- = max E;

11 Obtain the Expected Improvement for all the 8
designs using:

- Hm) —ALc Tm) —A"
El(d(m)) = (,u,a(m) —/\ic)(b( dﬂ'd(m] ) + O'd(m)(j)( dlfd(m) ),
where m=g;

12 Obtain:
maxEl = max(EI(d"™)

d=argmaxym (El(a(m]))
e=

concatenate(e(,, + 1), d)

Evaluate the exact cost A c(€)

13 Update:
X = concatenate (X, d)
€+ =€
E = concatenate(E, A c(€))
i=i+ |
14| end

I5 | Update the sensor design: e, =concatenate(e,, |, d)
16 end
17 Obtain: €; _ =argmaxgAic(ex), where, k<N,;




30 Structural Health Monitoring 00(0)

Cost data considering sensors starting with the first sensor

In the data reported here, $ denotes normalized cost. Specifically, Cuvedics CinvestedLc, and EVolp ¢ are expressed
in units of normalized cost.

Table Al. Costs and various Vol metrics for risk-averse profile and the first sensor.

Risk averse profile considering sensors designs consisting of the first sensor.

DeSigns CsavedLC (in $) Cinvestec:ILC (in $) Evo'LC (in $) /\LC (unitless) Rarithmecic (in %) Rgeomecric (in %) Rexponential (in %)

€EVol.c 1.10E-02 4.72E-05 1.09E-02 232.96 2577.32 83.24 60.57
€ e 1.21E-02 4.72E-05 1.21E-02 257.17 2846.33 85.27 61.66
ek 3.49E-03 4.72E-05 3.45E-03 74.03 811.41 61.33 47.83
€Random  5.97E-04 4.72E-05 5.49E-04 12.65 129.41 32.57 28.19

Table A2. Costs and various Vol metrics for risk-averse profile and the first four sensors.

Risk averse profile considering sensors designs consisting of the first four sensors

DeSignS CavedLC (in $) CinvestedLC (in $) EVol ¢ (in $) Alc (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)

€Evol.c 1.28E-02 1.89E-04 1.26E-02 68.01 744.60 59.82 20.36
€r.c 1.21E-02 1.89E-04 1.19E-02 64.25 702.83 58.8l 20.09
ek 5.97E-03 1.89E-04 5.78E-03 31.64 340.47 46.79 16.67
€Random  4.70E-04 1.89E-04 2.81E-04 2.49 16.57 10.67 4.40

Table A3. Costs and various Vol metrics for risk-averse profile and the first eight sensors.

Risk averse profile considering sensors designs consisting of the first eight sensors

DeSignS CavedLC (in $) CinvestedLC (in $) EVol ¢ (in $) Alc (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)

€Evol.c 1.29E-02 3.77E-04 1.25E-02 34.13 368.09 48.03 17.03
€r.c 1.11E-02 3.77E-04 1.07E-02 29.36 315.15 45.58 16.31
ek 9.42E-03 3.77E-04 9.05E-03 24.97 266.33 42.98 15.53
€Random  3.97E-03 3.77E-04 3.59E-03 10.52 105.77 29.88 11.36

Table A4. Costs and various Vol metrics for risk-averse profile and the first sensor only.

Risk neutral profile considering sensors designs consisting of the first sensor only

DeSignS CavedLC (in $) CinvestedLC (in $) EVol ¢ (in $) Alc (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)

€Evol,c 1.22E-02 4.72E-05 1.21E-02 258.16 2857.36 85.35 26.80
€r.c 1.55E-02 4.72E-05 1.54E-02 327.87 3631.94 90.34 27.95
ek 2.17E-03 4.72E-05 2.13E-03 46.09 501.04 53.06 18.48

€Random O 4.72E-05 —4.72E-05 0.00 =111 —100.00 —©
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For risk-neutral profile RP2

Table A5. Costs and various Vol metrics for risk-averse profile and the first four sensors.

Risk neutral profile considering sensors designs consisting of the first four sensors

DeSignS CsavedLC (in $) CinvestedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)
€EVol.c 1.50E-02 |.89E-04 | .48E-02 79.64 873.81 62.64 21.12
€. 1.55E-02 |.89E-04 |.53E-02 82.18 902.04 63.21 21.28
ek 3.85E-03 |.89E-04 3.67E-03 20.42 215.80 39.82 14.56
€Random  2.70E-04 |.89E-04 8.09E-05 1.43 4.77 4.05 1.72

Table Aé. Costs and various Vol metrics for risk-averse profile and the first eight sensors.

Risk neutral profile considering sensors designs consisting of the first eight sensors

Designs  Cayedic (in $)  Cinvestedic (in'$)  EVolic (in $)  Aic (unitless)  Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)
eEVoILC 1.45E-02 3.77E-04 1.42E-02 38.52 416.88 50.03 17.62

€. 1.50E-02 3.77E-04 1.46E-02 39.69 429.94 50.53 17.76

ek 8.32E-03 3.77E-04 7.94E-03 22.05 233.84 41.01 14.93

€Random 0 3.77E-04 —3.77E-04 0.00 =111 —100.00 —®

Table A7. Costs and various Vol metrics for risk-seeker profile and the first sensor only.

Risk seeker profile considering sensors designs consisting of the first sensor only

DeSignS CavedLC (in $) CinvestedLC (in $) EVol ¢ (in $) Ac (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)
€Evol.c 1.57E-02 4.72E-05 |.57E-02 332.72 3685.77 90.65 28.02
€. 1.69E-02 4.72E-05 |.69E-02 358.46 3971.77 92.23 28.38
ek 1.30E-02 4.72E-05 |.29E-02 27453 3039.19 86.62 27.10
€Random 1.34E-04 4.72E-05 8.70E-05 2.85 20.50 12.32 5.05

For risk-seeker profile RP3

Table A8. Costs and various Vol metrics for risk-seeker profile and the first four sensors.

Risk seeker profile considering sensors designs consisting of the first four sensors

DeSignS CsavedLC (in $) CinvescedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponencial (in %)
€EVol.c |.66E-02 |.89E-04 |.65E-02 88.17 968.60 64.49 21.61
€1.c I.55E-02 |.89E-04 I.53E-02 82.06 900.66 63.19 21.27
ek 1.65E-02 |.89E-04 1.63E-02 87.40 959.97 64.33 21.57
€Random |.88E-04 |.89E-04 —3.42E-07 1.00 —0.02 —0.02 —0.01
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Table A9. Costs and various Vol metrics for risk-seeker profile and the first eight sensors.

Risk seeker profile considering sensors designs consisting of the first eight sensors

DeSigns CsavedLC (in $) CinvestedLC (in $) Evo'LC (in $) /\LC (unitless) Rarithmecic (in %) Rgeomecric (in %) Rexponential (in %)

€EVol.c 1.54E-02 3.77E-04 1.50E-02 40.79 442.11 50.99 17.90
€rc 1.65E-02 3.77E-04 1.61E-02 43.75 475.03 52.17 18.23
ek 1.58E-02 3.77E-04 1.55E-02 41.95 454.97 51.46 18.03
€Random O 3.77E-04 —3.77E-04 0.00 =111 —100.00 —©

Table A10. Costs and various Vol metrics for risk-averse profile and the second sensor only.

Risk-averse profile considering sensors designs consisting of the second sensor only

DeSignS CaavedLC (in $) CinvestedLC (in $) EVol ¢ (in $) Ac (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)

€Evol.c 1.15E-04 4.72E-05 6.83E-05 2.45 16.09 10.46 9.95
€r.c 1.45E-04 4.72E-05 9.81E-05 3.08 23.10 13.31 12.49
ek 4.10E-03 4.72E-05 4.05E-03 86.94 954.86 64.24 49.61
€Random O 4.72E-05 —4.72E-05 0.00 =111 —100.00 —%©

Cost data considering sensors starting with the second sensor
(excluding the first sensor)

For risk-averse profile RP |

Table All. Costs and various Vol metrics for risk-averse profile and the second to fourth sensors.

Risk-averse profile considering sensors designs consisting of the second to fourth sensors

DeSigns CsavedLC (in $) CinvestedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)

€EVol.c 1.30E-02 1.42E-04 1.29E-02 91.94 1010.40 65.26 50.23
€rc 0 1.42E-04 —1.42E-04 0.00 =111 —100.00 —

ek 4.42E-03 1.42E-04 4.28E-03 31.25 336.13 46.59 3825
€Random 1.23E-04 1.42E-04 —1.84E-05 0.87 —1.45 —1.54 —1.55

Table Al2. Costs and various Vol metrics for risk-averse profile and the second to eighth sensors.

Risk-averse profile considering sensors designs consisting of the second to eighth sensors

DeSigns CsavedLC (in $) CinvestedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)

€EVol.c 1.31E-02 3.30E-04 1.28E-02 39.63 429.24 50.51 40.88
€rc 1.56E-04 3.30E-04 —1.74E-04 0.47 —5.86 —8.00 —8.34
ek 8.11E-03 3.30E-04 7.78E-03 24.55 261.66 42.71 35.56

€Random O 3.30E-04 —3.30E-04 0.00 =111 —100.00 —©
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Table Al3. Costs and various Vol metrics for risk-neutral profile and the second sensor only.

Risk-neutral profile considering sensors designs consisting of the second sensor only

DeSignS CsavedLC (in $) CinvescedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponencial (in %)
€EVol.c 1.37E-02 4.72E-05 1.36E-02 290.25 3213.86 87.78 63.01

€1 .c 0 4.72E-05 —4.72E-05 0.00 =111 —100.00 —

exL 2.14E-03 4.72E-05 2.10E-03 45.42 493.61 52.81 42.40

€Random  4.54E-04 4.72E-05 4.07E-04 9.62 95.81 28.60 25.16

For risk-neutral profile RP2

Table Al4. Costs and various Vol metrics for risk-neutral profile and the second to fourth sensors.

Risk-neutral profile considering sensors designs consisting of the second to fourth sensors

Designs  Cayedic (in $)  Cinvestedic (in'$)  EVolic (in $)  Aic (unitless)  Rarithmetic (in %) Rgeometric (in %) Rexponential (in %)
eEVoILC 1.40E-02 |.42E-04 1.38E-02 98.66 1085.06 66.56 51.02

€. 3.57E-04 1.42E-04 2.16E-04 2.52 16.92 10.83 10.28

ek 3.06E-03 |.42E-04 2.92E-03 21.65 229.46 40.73 34.17

€Random 0 1.42E-04 —1.42E-04 0.00 =111 —100.00 —®

Table Al5. Costs and various Vol metrics for risk-neutral profile and the second to eighth sensors.

Risk-neutral profile considering sensors designs consisting of the second to eighth sensors

DESignS CsavedLC (in $) CinvestedLC (in $) EVOILC (in $) Alc (unitless) Rarithmetic (in %) Rgeometric (in %)
€EVol.c 1.37E-02 3.30E-04 1.34E-02 41.56 450.61 51.30

€ e 0 3.30E-04 —3.30E-04 0.00 =111 —100.00

ek 5.78E-03 3.30E-04 5.45E-03 17.51 183.45 37.45

€Random |.68E-03 3.30E-04 I.35E-03 5.08 4531 19.79

Rexponential (in %)
41.41

—00

31.81

18.05

Table Al6. Costs and various Vol metrics for risk-seeker profile and the second sensor only.

Risk-seeker profile considering sensors designs consisting of the second sensor only

DeSignS CsavedLC (in $) CinvescedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmetic (in %) Rgeometric (in %) Rexponencial (in %)
€EVol.c 0.00E + 00 4.72E-05 —4.72E-05 0.00 =111l —100.00 #NUM!

€ .c 1.27E-05 4.72E-05 —3.45E-05 0.27 —8.13 —13.59 —14.61

ek 1.89E-03 4.72E-05 |.85E-03 40.13 434.77 50.72 41.02
€Random  7.55E-04 4.72E-05 7.08E-04 16.00 166.65 36.08 30.81
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For risk-seeker profile RP3

Table Al7. Costs and various Vol metrics for risk-seeker profile and the second to fourth sensors.

Risk-seeker profile considering sensors designs consisting of the second to fourth sensors

DeSignS CsavedLC (in $) CinvestedLC (in $) Evo'LC (in $) /\LC (unitless) Rarithmecic (in %) Rgeomecric (in %) Rexponential (in %)

€EVol.c 1.91E-03 1.42E-04 1.77E-03 13.47 138.56 33.50 28.89
€rc 0 1.42E-04 —1.42E-04 0.00 =111l —100.00 —

ek 1.63E-02 1.42E-04 1.62E-02 115.46 1271.81 69.50 52.77
€Random 1.39E-02 1.42E-04 1.37E-02 97.92 1076.86 66.42 50.93

Table A18. Costs and various Vol metrics for risk-seeker profile and the second to eighth sensors.

Risk-seeker profile considering sensors designs consisting of the second to eighth sensors

DeSignS CsavedLC (in $) CinvestedLC (in $) EVOILC (in $) /\LC (unitless) Rarithmecic (in %) Rgeometric (in %) Rexponential (in %)

€EVol.c 1.69E-03 3.30E-04 1.36E-03 5.12 45.75 19.89 18.14
€rc 0.00E + 00 3.30E-04 —3.30E-04 0.00 =111 —100.00 —
ek 1.59E-02 3.30E-04 1.55E-02 48.06 522.94 53.77 43.03

€Random 1.40E-02 3.30E-04 1.36E-02 42.32 459.08 51.6l 41.61




